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and cat  muscles.  The p r i n c i p a l  d i f f e r e n c e s  are observed  in  t h e  neigh- 
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of the  models and  in  their  mathematical  forms a lso  are d i s c u s s e d .  A 
hypothes is ,  based on t h e  r e s u l t s  of this  study  and those of previous 
i n v e s t i g a t o r s ,  is made f o r  the v o l u n t a r y  c o n t r o l  of movement; s e p a r a t e  
f u n c t i o n s  f o r  the  amplitude and frequency of the motor commands from 
higher c e n t e r s  are assumed. Mathematical c o n s t r a i n t s  f o r  maximum muscle 
f o r c e  are a lso   g iven ,   showing their dependence on m u s c l e  l e n g t h .  I t  is 
pointed out,  however,  that  developed  muscular force is only  dependent on 
musc le  length  when it reaches the limits p r e d i c t e d  by t h e  c o n s t r a i n t s .  
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Chapter I 
INTRODUCTION 
The p r i n c i p a l  o b j e c t i v e  of t h i s  i n v e s t i g a t i o n  w a s  t o  seek a 
mathematical  and descriptive model for  the  dynamica l  behavior  of human 
ske le ta l  musc le  and t o  gain a be t t e r  unde r s t and ing  of i t s  a c t u a l  mecha- 
nism of con t r ac t ion .  
Previous  inves t iga t ions  d i rec ted  toward  models of muscle dynamic 
behavior can be placed i n  two c l a s s e s .  One  group was aimed a t  i s o l a t i n g  
the muscle as much as poss ib l e  and w a s  directed toward a m o d e l  t h a t  would 
f i t  t h e  data f r o m  s i n g l e  f i b e r s  or small f i b e r  b u n d l e s .  The idea  w a s  t o  
begin a t  an elementary level  and work up toward increasingly complex s y s -  
t e m s .  Most of t he  work i n v o l v e d  a t  l e a s t  some d is turbance  of the   sur -  
rounding muscle  t issues  by d i s s e c t i o n  or even complete removal of t he  
muscles  from t h e i r  normal  environment. The b e s t  known mathematical  de- 
s c r i p t i o n  r e s u l t i n g  f r o m  t h i s  a p p r o a c h  i s  the  one der ived by H i l l  c11. 
The second l i n e  of i nves t iga t ion  w a s  func t iona l  r a the r  t han  phys ica l  
and sought to  expla in  the  ex terna l  per formance  of humans a t  such tasks a s  
f l y i n g  an a i r p l a n e  or a t  o t h e r  s k i l l e d  t a s k s .  Here, the  pos i t i on  of a 
t r ack ing  t a rge t  u sua l ly  is cons idered  as  the  sys t em input  and the length  
of n m s c l e s ,  t h e i r  v e l o c i t i e s  and acce lera t ions  (eye  or l imb posi t ions,  
v e l o c i t i e s ,  and  a c c e l e r a t i o n s )  as the  system  output .  The ob jec t ive  w a s  
a model of to ta l  t ask  per formance ,  and the behavior  of the muscle entered 
o n l y  i n d i r e c t l y  a s  a modifying function that  l imited,  i n  some cases ,  t h e  
q u a l i t y  of the  response.   These  experiments,   however,   represent  extensive 
q u a n t i t a t i v e  d a t a  i n v o l v i n g  a c t i o n  by muscle groups and, by s u i t a b l y  re- 
s t r i c t i n g  t h e  n a t u r e  of t he  t a sk ,  t he  dynamic p r o p e r t i e s  of a muscle 
group  can  be made a prominent  fac tor  i n  the response.  I n  a d d i t i o n  t o  t h e  
dynamic charac te r i s t ics  such  exper iments  uncover ,  they  a re  ex t remely  va l -  
uable because they are performed on a n  in tac t  normal ly  opera t ing  b io logi -  
c a l  system (i .e. ,  no   d i s sec t ion ) .   These   s tud ie s   do   no t ,  however,  allow 
s p e c i f i c  dynamic elements t o  be unequivocally localized or assoc ia ted  
wi th   spec i f i c   ana tomica l   s t ruc tu res .  A group of i n v e s t i g a t o r s  l e d  by 
McRuer [21 fo l lows  th i s  approach .  
1 
The f i r s t  method is more fundamental  because,  hopeful ly ,  the resul t -  
ing model  can be associated with the actual  biological  makeup of t he  
muscles; as a r e su l t ,  t h i s  approach  was chosen f o r  t h i s  i n v e s t i g a t i o n .  
I n  pa r t i cu la r ,  t he  hypo thes i s  t ha t  a physical system comprised of a con- 
t r a c t i l e  and a se r i e s  e l a s t i c  e l emen t  can  be  used  to  desc r ibe  the  behav-  
i o r  of human muscle i s  t e s t e d ,  and a mathematical model f o r  t h e  dynamic 
c h a r a c t e r i s t i c s  of a muscle group (acting about the elbow and comprised 
of the   b iceps  and t h e  b r a c h i a l i s )  is sought .  The above system s t r u c t u r e  
was f i r s t  p o s t u l a t e d  by Levin  and Wyman [SI and successfu l ly  used  by H i l l ,  
Wilkie,  Zajac,  and others  for  s ingle-muscle  as  well as for  smal l  musc le-  
f i b e r  b u n d l e  c h a r a c t e r i z a t i o n .  The basis f o r  t h i s  a s s u m p t i o n  i s  t h a t  
both a s ingle  muscle  and a "muscle group" are comprised of a  mesh of mus- 
c l e  f i b e r s  a n d ,  t h e r e f o r e ,  b a s i c a l l y  a r e  n o t  d i f f e r e n t  i n  t h e i r  fundamen- 
t a l  s t ruc tu re ;  i n s t ead ,  t he  d i f f e rences  a re  expec ted  to  appea r  i n  t he  
pa rame te r s   en t e r ing   s t ruc tu ra l ly   i den t i ca l   equa t ions  of motion. The most 
no tab le  results ob ta ined  unde r  th i s  c l a s s  of i nves t iga t ions  have  been  fo r  
f r o g  and ca t  musc les  i n  v i t r o  and i n  v ivo .  Most of these experiments  
considered an i so ton ic  sho r t en ing  musc le  to  cha rac t e r i ze  i t s  c o n t r a c t i l e  
element by applying a cons tan t  ex terna l  load  to  the  musc le  throughout  i t s  
cont rac t ion  wi thout  tak ing  in to  account  the  changes  i n  muscle tension due 
t o  t h e  i n e r t i a  of t h e  moving masses. This   s tudy  invest igates   the  dynamic 
c h a r a c t e r i s t i c s  of human skeletal muscle i n  s i t u ,  t a k i n g  i n t o  c o n s i d e r a -  
t i o n  t h e  i n e r t i a  of t he  system, and  compares the  results obtained w i t h  
t h o s e  f o r  f r o g  and cat  muscles .  Another  motivat ion in  obtaining a 
m o d e l  f o r  t h e  dynamics of human muscle i n  s i t u  i s  i t s  more d i r e c t  a p p l i -  
c a t i o n s  t o  two potent ia l ly  rewarding areas ,  (1) t h e  b i o l e c t r i c  c o n t r o l  of 
p ros thes i s ,  where ac tua l  musc le  s igna l s  a r e  used  to  con t ro l  movement and  
(2) t h e  a r t i f i c i a l  s t i m u l a t i o n  of paralyzed l imbs  f o r  p a t i e n t s  w i t h  a n  
upper motor lesion but whose muscles  are  i n  a normal s t a t e .  
-
The approach involved the formulation of i s o t o n i c  and isometr ic  ex-  
pe r imen t s  t o  ob ta in  the  exp l i c i t  cha rac t e r i za t ion  of the mathematical  
equa t ions  fo r  t he  pos tu l a t ed  mechanism. The experimental  procedure  con- 
s i s t e d  of t h e  a r t i f i c i a l  s t i m u l a t i o n  of t he  musc le s  v i a  a su r face  e l ec -  
trode, app l i ca t ion  of e x t e r n a l  f o r c e s ,  and  recording of t h e  r e s u l t i n g  
motions. The ex terna l  forces  were  appl ied  to  the  forearm by means of an 
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electr ic  torque  motor  tha t  w a s  cont ro l led  not  on ly  as  a torque-producing 
dev ice  bu t  a l so  as a r e g u l a t o r  t o  c o m p e n s a t e  f o r  d e v e l o p i n g  i ne r t i a l  
loads during accelerated motions as w e l l  as f o r  the changing geometry of 
t h e  arm/muscle sys t em.  The method of i den t i f i ca t ion  used  fo r  de t e rmin ing  
t h e  unknown func t ions  and parameters  en ter ing  the equat ions  of motion was 
pure ly  empi r i ca l .  Curve  f i t t i ng  the  pe r t inen t  data  recorded  from  the 
i so tonic  exper iments  permi t ted  the e x p l i c i t  c h a r a c t e r i z a t i o n  of t h e  con- 
t rac t i le  e l e m e n t .  The r e s u l t s  of the   i somet r ic   exper iments   revea led   the  
steady-state r e l a t i o n s h i p  between muscle torque and forearm position and, 
combined w i t h  t h e  r e s u l t s  of the isotonic  experiments ,  a l lowed the char-  
a c t e r i z a t i o n  of t he  series elastic element.  I t  should  be  observed  that  
the above method  of p o s t u l a t i n g  a mechanism to  r ep resen t  t he  k inemat i c  
behavior  of musc les  and  expl ic i t ly  charac te r iz ing  t h e  dynamica l  equa t ions  
needs not   provide a unique m o d e l .  I n  f a c t ,  some t rade-off  between t h e  
complexi t ies  of t h e  pos tu l a t ed  mechanism  and the  equa t ions  desc r ib ing  i t s  
e l e m e n t s  possibly could be e s t a b l i s h e d .  
The experiments on c a t  and  f rog muscles  were m a i n l y  done during 
n e u r a l   e x c i t a t i o n  of maximal amplitudes and t e t a n i c   f r e q u e n c i e s .  Under  
t hese  cond i t ions ,  t he  ac t iva t ion  of the muscles  is assumed cons t an t  and 
does not  e n t e r  s i g n i f i c a n t l y  i n t o  t h e  e q u a t i o n s  c h a r a c t e r i z i n g  t h e  con- 
t r ac t i l e  and series e l a s t i c  e l e m e n t s .  The experiments   involved  in   the 
i n v e s t i g a t i o n  h e r e  a l s o  were c o n d u c t e d  s t r i c t l y  u n d e r  maximal and t e t a n i c  
condi t ions .   This  i s  c o n s i d e r e d  t h e  l o g i c a l  f i r s t  s t e p  and would al low 
meaningful  comparisons  with  previous  results.  "Maximal" s t imulus  condi-  
t i o n s  u s u a l l y  imply t h a t  the ampli tude of the  s t imulus  i s  l a r g e  enough 
t o  c a u s e  a l l  t h e  f i b e r s  c o m p r i s i n g  the  m u s c l e s  t o  f i r e ;  that  is, the  
f i r i n g  t h r e s h o l d  of a l l  m u s c l e  f i b e r s  i s  reached or exceeded under maxi- 
m a l  condi t ions .   This   condi t ion  is es t ab l i shed  eas i ly  fo r  expe r imen t s  
conducted i n  v i t r o  and i n  vivo, where the pe r iphe ra l  n e r v e  is s t imula ted  
d i s t a l l y ;  however, fo r   ou r   expe r imen t s  i n  s i t u ,  i n v o l v i n g  a r t i f i c i a l  
s t imu la t ion  by an e l ec t rode  loca ted  on t h e  s u r f a c e  of t he  s k i n ,  it is  
n o t  p o s s i b l e  t o  a c t i v a t e  a l l  t he  musc le  f ibe r s  of t he  b i ceps  and brachi -  
a l i s .  T h i s  i s  obvious  because  the maximum torque  recorded a t  the elbow 
of adul t s  does  not  exceed  15 f t - l b .  The procedure  used i n  the determina-  
t i o n  and a p p l i c a t i o n  of t he  s t imu lus  i n  t h i s  i nves t iga t ion ,  however, is 
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s u c h  t h a t  it can be reasonably assumed t h a t  f o r  e a c h  s u b j e c t  a f i x e d  
number of m u s c l e  f i b e r s  are activated throughout a l l  the  exper iments .  
This  is important  because,  otherwise,  an addi t ional  var iable  must  be 
accoun ted   fo r   i n   t he   mode l ing .   Essen t i a l ly ,   t he  term "maximal" (as 
used  in  th i s  s tudy)  denotes  the  s t imulus  ampl i tude  necessary  to  recru i t  
t h e  maximum number of m u s c l e  f i b e r s  f o r  a g iven  e l ec t rode  loca t ion .  
The es tab l i shment  of maximal cond i t ions  as defined above is thoroughly 
descr ibed  i n  Chapter I V .  
No v o l u n t a r y  a c t i v a t i o n  of the muscles  considered was t o l e r a t e d .  
Those t r ia l s  where they occurred were de tec t ed  eas i ly  and d iscarded .  
I t  should  be  pointed  out ,   however ,   that   the   effects  of t h e  a n t a g o n i s t  
( t r i c e p s )  on the observed motions were neglec ted  unless  they  were caused 
by vo lun ta ry  con t r ac t ions .  All s u b j e c t s  who p a r t i c i p a t e d  i n  t h e  e x p e r i -  
m e n t s  were normal  adul ts .  
A s p e c i a l  e f f o r t  was made t o  p r e s e n t  t h i s  material so t h a t  i t  would 
b e  t e c h n i c a l l y  a c c e s s i b l e  t o  b o t h  t h e  p h y s i o l o g i s t  and  the  engineer ;  
t h a t  is ,  the mathematical  developments are thoroughly  expanded  and ter-  
minologies  normal ly  a l ien  to  engineers  are  avoided as much as p o s s i b l e .  
The dynamics involved are simple enough t o  be handled without excessive 
mathematical  r igor  and y e t  wi thout  c rea t ing  ambigui ty .  
Chapter I1 i s  concerned  wi th  the  pos tu la t ion  of a conceptual  model 
f o r  s k e l e t a l  m u s c l e ,  t h e  c h a r a c t e r i z a t i o n  of the  model by equa t ions  in  
general   forms,  and the  development of t he   equa t ions  of motion. I n  Chap- 
ter  111, experiments are formula ted  to  a l low the  expl ic i t  mathemat ica l  
c h a r a c t e r i z a t i o n  of t h e   c o n t r a c t i l e  and series e l a s t i c  elements. The 
experimental  methods and results are presented i n  Chapters I V  and V, 
r e s p e c t i v e l y ,  and Chapter V I  is r e s t r i c t e d  t o  t h e  c o m p l e t e  c h a r a c t e r i z a -  
t i o n  of the mathematical  model  from the  expe r imen ta l  da t a .  Chap te r  V I 1  
d i s c u s s e s  the r e s u l t s  o b t a i n e d  and provides  angular  ve loc i ty- torque  curves  
computed  from t h e  model  and t h e i r  t r a n s f o r m a t i o n s  i n t o  v e l o c i t y - f o r c e  
curves  which a r e  compared with those der ived from equat ions for  f rog and 
ca t   musc le s .   D i f f e rences   i n   t he   gene ra l i t y  of t he  models  and i n  t h e i r  
mathematical  forms are  a l s o   d i s c u s s e d .  A. hypothesis,   based on t h e  re- 
s u l t s  of t h i s  s t u d y  and  those  of p rev ious  inves t iga to r s ,  i s  made for t he  
vo lun ta ry  con t ro l  of movement; s epa ra t e  func t ions  fo r  t he  ampl i tude  and 
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frequency of the motor commands from higher  centers  are assumed. Math- 
e m a t i c a l  c o n s t r a i n t s  f o r  maximum musc le  fo rce  a re  a l so  g iven  to  show 
t h e i r  dependence on muscle  length.  I t  is  pointed  out,   however,   that  
developed muscular force is only dependen-t on muscle length when it 
reaches  the limits predic ted  by the  c o n s t r a i n t s .  The r e l a t i o n s h i p s  be- 
tween t r a n s l a t i o n a l  and ro t a t iona l  coord ina te s  are developed i n  Appendix 
A, and the muscle-group  torque  about  the  elbow is computed.  Appendix B 
evaluates  the approximation made in  conve r t ing  the  t r ans l a t iona l  equa -  
t i o n s  t o  r o t a t i o n a l  f o r m s .  
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Chapter I1 
CONCEPTUAL  MODEL  AND  EQUATIONS OF MOTION 
I n  a d d i t i o n  t o  t h e  p r o b l e m s  f a c i n g  t h e  s c i e n t i s t  or engineer  when 
a t t e m p t i n g  t o  model a man-made sys tem tha t  is q u a l i t a t i v e l y  known ( t h a t  
is, where a l l  t he  pa r t s  compr i s ing  the  mechanism t o  be  modeled are iden- 
t i f i a b l e  and the i r  func t ions  unde r s tood) ,  w e  must contend with a system 
whose operat ion a t  present  is not  comple te ly  known.  The a c t u a l  mechanism 
by which  musc le  f ibers  can  cont rac t  i s  not fully understood, and even 
less understood i s  t h e  command s t r u c t u r e  a n d  l o g i c  t h a t  a c t i v a t e  o u r  
system of  nerves  and muscle  f ibers .  In  developing a model f o r  human 
ske le ta l  musc le ,  w e  are, therefore ,  conf ronted  wi th  the  problem of  pos-  
t u l a t i n g  a mechanism  whose ope ra t ion  desc r ibes  the  behav io r  of s k e l e t a l  
m u s c l e  n o t  o n l y  q u a n t i t a t i v e l y  b u t  a l s o  q u a l i t a t i v e l y .  
A .  Conceptual Model Pos tu la ted  
A mechanical  analog to  muscle  force and kinematic  behavior  i s  t h e  
model pos tu l a t ed   he re .  I t  c o n s i s t s  of two  e lements   in  series : (1) a 
f o r c e  g e n e r a t o r ,  whose output depends on muscle  exci ta t ion and length,  
i n  p a r a l l e l  w i t h  a damper and r e f e r r e d  t o  as the  con t r ac t i l e  e l emen t  and  
( 2 )  an undamped e l a s t i c  element called t h e  series e l a s t i c  element.  
Observation of f o r c e - v e l o c i t y  c u r v e s ,  a s  t h e  t y p i c a l  one  of F i g .  1, 
suggested that muscle be modeled as a force  genera tor  producing  an  i so-  
metric; f o r c e  Pi i n  p a r a l l e l  w i t h  a viscous  element  having a c o e f f i c i e n t  
of v i scous  damping  depending on t h e  v e l o c i t y  of t h e  l o a d  ( c o n t r a c t i l e  
element).   If  a st imulated  muscle is he ld  a t  a f ixed  length  and  suddenly 
i s  re leased ,  however ,  an  ins tan taneous  cont rac t ion  fo l lowed by a more 
gradual one are observed. A c o n t r a c t i l e  e l e m e n t  w i t h  v i s c o u s  damping, as 
descr ibed above,  cannot  account  for  the sudden change in  the muscle 's  
length;  however,  an undamped element (series e las t ic  e lement )   in  series 
wi th  the  con t r ac t i l e  e l emen t  cou ld  desc r ibe  the  above  r e su l t s .  Th i s  
model has  been  the  c lass ica l  one  used by Levin  and Wyman [Ref. 31, H i l l  
and  o the r s  i n  the  s tudy  of t h e  f r o g ' s  s a r t o r i u s  m u s c l e s  i n  v i t r o  a n d ,  
more r e c e n t l y  w a s  found by Zajac [Ref. 41 t o  b e  a p p l i c a b l e  i n  e x p e r i m e n t s  
performed on t h e  c a t ' s  medial  gastrocnemius muscle  in  vivo.  This  model 
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i s  not  un ique  and ,  in  f ac t ,  some trade-off between i t s  complexi t ies  and 
the  ma themat i ca l  equa t ions  desc r ib ing  i t s  elements could be e s t a b l i s h e d .  
The model as p o s t u l a t e d  i n  t h i s  i n v e s t i g a t i o n  i s  i l l u s t r a t e d  by 
F ig .  2 .  The c o n t r a c t i l e  and series e l a s t i c  elements   possibly  could be 
mechanica l  equiva len t  e lements  resu l t ing  from a c t u a l  p a r a l l e l  and series 
combinations of similar e l e m e n t s  i n  t h e  m y o f i b r i l s .  The e las t ic  element 
could correspond t o  t h e  t h i n  f i l a m e n t s  a n d  t h e  c o n t r a c t i l e  e l e m e n t  t o  
the   over lap   o f   bo th   th in   and   th ick   f i l aments .   In   the   schemat ic   repre-  
s e n t i n g   t h e   c o n t r a c t i l e   e l e m e n t ,  F d e n o t e s   t h e   o u t p u t  of t h e  force 
generator  and i s  represented  as a func t ion  of bo th  musc le  exc i t a t ion  
a ( t )  and of the   change   in   musc le   l ength  x I t  should  be  noted  tha t  
t he  e l emen t s  mak ing  up  the  con t r ac t i l e  and  series e l a s t i c  elements are 
L'  
not   impl ied  t o  be l i n e a r ;  i n  f ac t ,  as t h i s  s t u d y  w i l l  demonstrate ,   they 
are a l l  nonl inear  e lements .  
B.  The  Equat ions  in   General  Form 
The general  forms of t h e  e q u a t i o n s  f o r  t h e  assumed model of muscle 
dynamic behavior and f o r  the arm/muscle/electr ic  motor system involved 
in   the   exper imenta l   p rocedures  are g i v e n  i n  t h i s  sect ion.  These equa- 
t i o n s  p r o v i d e  i n s i g h t  a n d  guide the  exper iments  requi red  t o  test t h e  
hypothes is  on which they are based. 
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F i g .  2 .  MODEL OF  TORQUE-PRODUCING  MUSCLE  FOR  FOREARM  FLEXURE. (Contrac- 
t i l e  and series elastic e lements  i n  series. 
1. Translat ional   Eauat ions  and  Coordinates   for   Skeletal   Muscle  
I f  t he  fo l lowing  t r ans l a t iona l  gene ra l i zed  coord ina te s  are de- 
f ined 
x = d i s t ance  shor t ened  by c o n t r a c t i l e  e l e m e n t  from i t s  normal rest- ‘ i n g   l e n g t h t  
t “Normal r e s t ing  l eng th ‘ ‘  of the  musc les  cons idered  here  is def ined  as 
tha t  l eng th  co r re spond ing  t o  t h e  smallest a n g l e  of fo rea rm f l ex ion  for 
comple t e ly  pas s ive  agon i s t  and an tagonis t  and  for no tension i n  t h e  
musc le   ( i . e .y  for n o r m a l   r e s t i n g   l e n g t h   a ( t ) ,  P = 0 ) .  eo is  approx- 
imately 40 O .  
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x = d i s t ance  con t r ac t ed  by muscle  group  from i t s  normal  res t ing  
l e n g t h  ( i  .e., d i s t a n c e  moved  by at tachment  point  of muscle a t  
forearm from normal resting-length posit ion when shoulder  a t -  
tachment point is f i x e d )  
p = t ens ion  in  musc le  (P = 0 a t  normal r e s t i n g  l e n g t h )  
then ,  the  equat ions  charac te r iz ing  the  series e l a s t i c  and c o n t r a c t i l e  
e lements  can be represented,  respect ively,  i n  the  fo l lowing  genera l  forms:  
x - x = f l ( P )  
C L 
and 
(2 .1 )  
Because muscle  f ibers  generate  tension and not compression (the 
ra i son  d’Gtre  of t he  agon i s t / an tagon i s t  sys t em capab i l i t y  fo r  r eve r sa l  of 
movement), i t  should be noted that a q u a l i t a t i v e  c o n s t r a i n t  on the  model 
f o r  c o n t r a c t i o n  o r i g i n a t i n g  from the  normal  res t ing  length  of the muscles 
i s  
A s  explained in  Chapter  I ,  t h i s  i n v e s t i g a t i o n  was r e s t r i c t e d  t o  a c t i v a -  
t ion  under  te tan ic  a n d  maximal condi t ions  only ,  such  tha t  the  neura l  ex-  
c i t a t i o n   f u n c t i o n   a ( t )  of E q .  (2 .2)  i s  a constant  hroughout  he  exper- 
iments .   This   funct ion is, the re fo re ,  of no f u r t h e r  i n t e r e s t  and w i l l  be 
dropped  from  the  equations. I ts  cons tan t   va lue  w i l l  be  conside’red lumped 
in to   the   o ther   parameters   en te r ing  E q .  (2.2)  which,  therefore,  i s  ex- 
pressed  as  
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2.  Conversion of t he   T rans l a t iona l   Equa t ions   i n to   Ro ta t iona l  Forms 
From the experiments described i n  Chapter IVY it w i l l  be c l e a r  
t h a t  t h e  r e c o r d i n g  of information i s  most  convenient  in  ro ta t iona l  ra ther  
t han  t r ans l a t iona l  coord ina te s ;  a l so ,  it is  bel ieved that  the mathemati-  
c a l  model developed i n  t h i s  s t u d y  w i l l  be more use fu l  and of more d i r e c t  
appl ica t ion   i f   expressed   in   ro ta t iona l   form.  For these  reasons,   the  
t ransformation of t he  gene ra l  t r ans l a t iona l  equa t ions  in to  ro t a t iona l  
forms i s  appropriate  here .  These equat ions w i l l  a l s o  form the  founda- 
t i o n s  on which the exper iments  requi red  to  charac te r ize  the  pos tu la ted  
model w i l l  be formulated.  
I f  the  fo l lowing  ro ta t iona l  parameters  a re  def ined  as  
8 = angu la r  pos i t i on  of arm, measured  from f u l l y  s t r e t c h e d  p o s i t i o n ,  
f o r  normal  res t ing length of muscle group 
8 = angular   displacement  of forearm  from i t s  normal  resting-length 
pos i t i on  80 corresponding   to   cont rac t ion  xc i f   s e r i e s   e l a s -  
t i c  element i s  assumed f ixed  i n  length;  i .e. , i f  xc - XL = 0 
8 = ac tua l  angular  d i sp lacement  of forearm  from i t s  normal  resting- 
l eng th   pos i t i on  80; i .e . ,   angular   displacement   corresponding 
t o  XL 
t h e n   t h e i r   e l a t i o n s h i p s   t o   t h e   t r a n s l a t i o n a l   c o o r d i n a t e s  x and x 
a s  de r ived  i n  Appendix A, a r e  
C L’ 
+ d 2  + 21d cos 8 )’I2 - [e2 + d + 2Jd cos (8, + 8,) 2 
i 0 (2.4) 
where i = C, L. By u s i n g  t h i s  e q u a t i o n ,  Eq. (2.1)  can be r ewr i t t en  as 
c 2 2  i? + d  + 21d cos  (e, +eL) 1’” - [e2 + d2 + 21d cos  (8, + 8,) 1 lI2 = f l ( P )  
I .  
The dynamic c h a r a c t e r i s t i c s  of the s e r i e s  e l a s t i c  e l e m e n t ,  de- 
scr ibed  by Eqs.   (2.1) and (2.5),  w i l l  not be c h a r a c t e r i z e d  d i r e c t l y  from 
an exper imenta l  p rocedure ;  ins tead ,  as  descr ibed  i n  the  fo l lowing  chapter ,  
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they w i l l  be  charac te r ized  by making use  of the mathematical  model f o r  
t h e  c o n t r a c t i l e  e l e m e n t  t h a t  w i l l  be deve loped  d i rec t ly  f rom an exper i -  
m e n t a l  i n v e s t i g a t i o n .  I t  w i l l  be   apparent   f rom  the   resu l t s  of Chapter 
V I ,  however, tha t   he   mathemat ica l   representa t ion  of 8, is  q u i t e  com- 
plex  and, i n  tu rn ,  would render  Eq. (2.5),  which is t h e  c h a r a c t e r i z a t i o n  
of t he  series e l a s t i c  e l e m e n t ,  very cumbersome  and ques t ion  i ts  use fu l -  
n e s s .  For these  reasons,  it is d e s i r a b l e   t o   s i m p l i f y  Eq. ( 2 . 5 )   t o   t h e  
following approximate form, 
A de t a i l ed  desc r ip t ion  and v a l i d a t i o n  of th i s  approximat ion  i s  given i n  
Appendix B . 
From t h e  r e l a t i o n s h i p s  of Appendix A,  i n  pa r t i cu la r  Eqs .  ( A . 9 ) ,  
(A.10),  and  (A.12), i t  is  c l ea r  t ha t  t he  ma themat i ca l  model f o r  t h e  c o n -  
t r ac t i l e  e l emen t ,  r ep resen ted  by E q .  (2.31,  can  be  expressed  as a genera l  
func t ion  of muscle-group torque about the elbow and of t h e  r o t a t i o n a l  
coord ina tes  as 
3.   Equations of Motion f o r  Arm/Muscle/Electric-Motor System . . ." 
I n  the  experimental   method,  described i n  Chapter IVY provis ion 
i s  made f o r  t h e  a p p l i c a t i o n  of an ex te rna l  t o rque  to  the  fo rea rm by means 
of an e l e c t r i c  m o t o r .  A b r i e f  desc r ip t ion  of t he  s y s t e m  is presented 
h e r e  t o  i d e n t i f y  t h e  i n t e r a c t i n g  f o r c e s  e n t e r i n g  t h e  e q u a t i o n  of motion. 
The forearm i s  s t rapped on an  aluminum  arm a t t a c h e d  t o  t h e  s h a f t  of a 
torque motor, w i t h  the elbow coinciding with the center  of t h e  s h a f t .  
The sub jec t  i s  sea ted  on a c h a i r  whose height  can be s o  ad jus ted  (denta l  
c h a i r )  t h a t  f l e x i o n  of the forearm takes place i n  a hor izonta l  p lane .  
The shou lde r s  a re  secu re ly  s t r apped  to  the  cha i r  so tha t  a t tachment  
poin ts  of the muscles a t  the shoulders  can be considered f ixed through-  
out   the  experiments .  A measure of torque i s  provided by a s t ra in  gauge  
mounted on t h e  aluminum  arm.  Free-body  diagrams of the  arrangement 
12 
r 
i l l u s t r a t i n g  the p e r t i n e n t  forces a c t i n g  on the system are shown i n  F ig .  
3. These diagrams are n o t  scaled r e a l i s t i c a l l y ,  and the dimensions are 
HAND 
TO -
'"INr / k - d  +a -4 \ 
MOTOR' I I 
SHAFT 
' \  
ATTACHMENT POINT OF 
SUBJECT'S 8 METALL IC 
ARMS 
a. Schematic   representat ion 
b. Free-body diagram .of metall ic arm 
c .  Free-body diagram of body A (metallic arm excluding  por- 
t ion between s t ra in  gauge and shaft)  
F ig .  3. FORCES ACTING ON ARM/MlJSCLE/EIZCTRIC-MOTOR SYSTEM. 
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I 
exaggera ted  where  appropr ia te  for  i l lus t ra t ive  purposes .  Note  i n  F ig .  
3b t h a t  t h e  m u s c l e  f o r c e  P is  t r ans l a t ed  f rom i t s  p o i n t  of a p p l i c a t i o n  
a t  t h e  f o r e a r m  t o  the at tachment  point  of t h e  s u b j e c t ' s  and m e t a l l i c  arms. 
Addition of the  couple  -P an is n e c e s s a r y   f o r   t h i s   t r a n s f o r m a t i o n   t o  
be  correct .   Figure  3c is a free-body  diagram of body A, which is t h a t  
p a r t  of t h e  m e t a l l i c  arm excluding the portion between the s t ra in  gauge 
and t h e  s h a f t .  T h i s  i l l u s t r a t i o n  is g i v e n  t o  assist i n  t h e  d e r i v a t i o n  
of the   qua t ion  of motion,  below, i n  terms of the  s t ra in-gauge  torque . 
2 3  
TS 
Now, i f  
n = set of or thogonal   uni t   vectors ,   where i = 1 , 2 , 3  
i -
0 = ro t a t ion  po in t  or c e n t e r  of s h a f t  and elbow j o i n t  
I = moment  of i n e r t i a  of a l l  moving p a r t s  ( m e t a l l i c  arm + forearm 
+ motor- ro ta t ing   par t s )   about  0 and  a long  uni t   vector  n 
3 -
IA = moment  of i n e r t i a  of forearm + body A about 0 and along n 
3 -
T = e lec t r ic -motor   to rque   about   shaf t  0 M - 
T = torque  (bending moment) a t  s t r a i n - g a u g e  l o c a t i o n  
S -
T = muscle-group  torque  about  elbow 0 
A -
P.  = muscle-group  force  component  along n vec to r  
1 i 
d = d i s t a n c e  between muscle-group attachment point a t  fo rea rm and 
elbow 
a = d i s t a n c e  between muscle-attachment and metallic-arm-attachment 
p o i n t s   a t  f orzarm 
- H = angular  momentum about  the  f ixed  poin t  0 
tlM = summation of t he  moments of a l l  e x t e r n a l  f o r c e s  a b o u t  0 - 
then the equat ion of ro ta t iona l  mot ion  
1 4  
-T n - P an  + 
M 3  2 3  - - 
or  
which becomes 
-TM - P a + (d + a)P2 = IT8 .. 2 
and 
P d = T  + I g  2 M T  (2.8)  
Not ing   tha t  8 = 8 because 8 = 8 + 8 and eo i s  a cons t an t ,  and 
a l s o  t h a t  Pad is  t h e   t o t a l   t o r q u e  of the  muscle  group  about  he  elbow 
TA because  f lexion of t h e  arm takes p lace  i n  a hor izonta l   p lane ,  Eq. 
(2.8) becomes 
.. .. 
L 0 L’ 
T ~ = T ~ + I ~  
.. 
T L  (2.9) 
S imi l a r ly ,  t he  ro t a t iona l  equa t ion  of motion i n  terms of the  
s t ra in-gauge  torque TS can  be w r i t t e n  as (F ig .   3c)  
-T n - P an + s 3  2 3  - - - 
which reduces t o  
T ~ = T ~ +  1 8  
.. 
A L  (2 . l o )  
The r e l a t i o n s h i p  between  muscle-group  torque TA and muscle 
f o r c e  P, given by Eq. ( A . 7 ) ,  is  r e w r i t t e n  here  for completeness : 
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Pad s i n  (Go + e,) 
T =  A 1/2 (2.11) 
[a2 + d 2 + 2ad cos (eo + BL)] 
Subst i tut ing  (2 .11)   into  (2 .9)   and  (2 .101,   the   fol lowing  equat ions for 
muscle force are obtained : 
P =  (T + I $ )h (0 ) M T L  5 L 
and 
P =  (T + I 8  )h (0 ) 
S A L 5  L 
(2.12) 
(2.13) 
where 
2 1/2 
[j2 + d + 24d COS (eo + BL)] 
h ( 8 ) =  5 L  ad  s i n  (Go + BL) (2.14) 
When expressing the equat ion of  motion in  terms of t h e  motor 
torque  TM r a t h e r   t h a n   t h e   s t r a i n - g a u g e   s i g n a l  TS ( the   d i f f e rence   be -  
tween E q s .  (2.12)  and  (2.13)), i t  shou ld   be   obse rved   t ha t   t he   r e su l t i ng  
d i f f e r e n c e  l ies  i n  t h e  n u m e r i c a l  v a l u e  for t h e  moment  of i n e r t i a  
or I A .  This  w i l l  p lay  an  important   role   in   the  implementat ion of t h e  
con t ro l  sys t em requ i r ed  fo r  t he  expe r imen t s .  
IT 
C .  Summary 
The conceptual  model p o s t u l a t e d  f o r  t h e  d e s c r i p t i o n  of muscle kine- 
matic b e h a v i o r  c o n s i s t s  of a c o n t r a c t i l e  e l e m e n t  and a series elastic 
e lement  in  series. 
The genera l  forms of t he  equa t ions  of motion descr ibing the dynamics 
of these e lements ,   respec t ive ly ,  are 
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(a) Trans la t iona l  Coordina tes  : 
x - x = f l ( P )  C L  
x = f3(P,XL) C 
(b) Rota t iona l   Coordina tes :  
0, - eL = g p )  
The equat ion  of motion f o r  t h e  arm/muscle/electric-motor system w a s  
developed  in   terms of bo th  the  motor torque  TM and  the  s t ra in-gauge 
torque  TS. They were found t o  d i f f e r  i n  t h e  d e f i n i t i o n  of t he  moments 
of i n e r t i a  e n t e r i n g  t h e  e q u a t i o n s  a n d ,  t h e r e f o r e ,  i n  their  numerical 
va lues .  They are 
T = T  + I g  
A M T L  
and 
T ~ = T ~ +  I B  
.. 
A L  
or i n   t e rms  of muscle force P, 
P = (TM + ITgL)h5(BL) 
and 
P = (Ts + I g )h (8 ) A L  5 L 
( 2 . 1 0 )  
(2 .12 )  
( 2 . 1 3 )  
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whe re 
2 2  + d + 2Jd cos (eo + e,) r 2  
a d  s i n  (0,. + 0, ) (2.14) 
U L 
This  p rec i seness  in  the  de f in i t i on  and ,  t he re fo re ,  i n  t he  numer i ca l  
value used for t h e  moment of i n e r t i a ,  w i l l  play an important role i n  t h e  
implementation of t he  con t ro l  sys t em requ i r ed  to  pe r fo rm the  expe r imen t s .  
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Chapter I11 
FORMULATION OF EXPERIMENTS 
This  chapter  is  devoted t o  t h e  f o r m u l a t i o n  and implementation of 
t h e  e x p e r i m e n t s  n e c e s s a r y  t o  c h a r a c t e r i z e  t h e  c o n t r a c t i l e  and series 
e l a s t i c  e l e m e n t s .  The equations  developed i n  the   p receding   chapter  
w i l l  p rov ide  the  in s igh t  and w i l l  fo rm the  foundat ions  for  formula t ing  
the  exper iments  requi red  to  test the  hypothes is  on which they are based. 
These experiments w i l l  be  conce ived  fo r  t he  cha rac t e r i za t ion  of the con- 
t rac t i le  and series e l a s t i c  e l e m e n t s  i n  t h e i r  r o t a t i o n a l  r a t h e r  t h a n  
t r a n s l a t i o n a l  f o r m s .  The m o t i v a t i o n  f o r  t h i s  c h o i c e  stems from the na- 
t u r e  of the experiments ,  where t h e  d i r e c t  measurements are i n  angular  
coord ina te s .  I t  i s  a l so  be l i eved  tha t  t he  ma themat i ca l  model f o r  t h e  
muscle group w i l l  be of more d i r e c t  a p p l i c a t i o n  and usefu lness  i f  g iven  
i n  ro ta t iona l  form (e .g ., s p e c i f i c a t i o n  of dynamic c h a r a c t e r i s t i c s  f o r  
human arm b i o e l e c t r i c  p r o s t h e s i s ) .  Should there   be a need, a l l  the  data  
and resu l t s  ob ta ined  can  be  t ransformed in to  t rans la t iona l  coord ina tes  
u s i n g  t h e  r e l a t i o n s h i p s  i n  Appendix A .  
The equat ions  of d i r e c t  interest  here  are 
which character ize  the series e l a s t i c  
t i v e l y ,  i n  ro t a t iona l   fo rm.  In these  
and  g2 ( -  ) are only  symbolic. I t  is 
procedure,  based on the  hypothes is  of 
and c o n t r a c t i l e  e l e m e n t s ,  respec- 
equat ions ,  the  func t ions  gl ( -  ) 
the purpose of the  exper imenta l  
t hese  equa t ions ,  t o  de t e rmine  the  
simplest   forms of gl and  g2 t o   e x p l a i n   t h e  data on muscle  dynamic 
behavior .  
I t  i s  i m p o r t a n t  t o  r e a l i z e  t h a t ,  of the  genera l ized  coord ina tes ,  
QL (which is the  angular   displacement  of the  forearm  from i t s  normal 
r e s t ing - l eng th  pos i t i on )  i s  the only one t h a t  w i t h  i t s  d e r i v a t i v e s  c a n  
be  observed  and  measured  experimentally. The coord ina te  Elc, which 
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corresponds  to  the  shor ten ing  of  the  cont rac t i le  e lement ,  cannot  be 
obse rved  d i r ec t ly .  An impor t an t  f ea tu re  of the  experimental   procedure,  
t h e r e f o r e ,  w i l l  b e  t h e  c o l l e c t i o n  of d a t a  t o  p e r m i t  t h e  c a l c u l a t i o n  of 
BC and iC and  the  determinat ion of t h e   f u n c t i o n s  g1 ( a  ) and  g2( .) . 
A .  Charac te r iza t ion  of t h e  Contract i le  Element 
The aim i n  d e s c r i b i n g  t h e  v i s c o u s  or c o n t r a c t i l e  e l e m e n t  of t h e  
p o s t u l a t e d  model i s  t o   c h a r a c t e r i z e   g 2 ( - )  or Eq. (2 .7) .  The c lass ic  
approach is through  i so tonic   exper iments ,   tha t  is, experiments  under 
which  the  muscle   force P i s  kep t   cons t an t   t h roughou t   t he   du ra t ion  of 
the  xperiment .  Such experiments allow the   de te rmina t ion  of ec by 
observing BL. This  can be e s t a b l i s h e d  by t a k i n g   t h e  time d e r i v a t i v e  
of E q .  (2.6) 
and by observ ing   tha t ,  when P i s  c o n s t a n t ,  P i s  zero  and 8 = 8 
or Bc on ly   d i f f e r s   f rom BL by a cons t an t .   Th i s   cons t an t  i s  t h e  
angular  displacement  of t h e  f o r e a r m  t h a t  would correspond t o  t h e  s t r e t c h  
i n  t h e  series e l a s t i c  element from i t s  n o r m a l  r e s t i n g  l e n g t h  f o r  t h e  
p a r t i c u l a r  c o n s t a n t  l o a d  
C L' 
* 
Without  re fer r ing  to  the  mathemat ica l  equat ions ,  the  above  observa-  
t ions  can  be made by cons ider ing  only  the  mechanism  of c o n t r a c t i o n  of 
t he   pos tu l a t ed  model (Fig.  2 ) .  I f   the   muscle   group is stimulated  and 
i f  a constant   load PC is appl ied  by the  forearm? t o   t h e   s t i m u l a t e d  
musc le ,  the  cont rac t i le  e lement  w i l l  s h o r t e n ,  s t r e t c h i n g  t h e  series 
e l a s t i c  e l emen t  i n  the  p rocess  un t i l  t he  l a t te r  assumes a tens ion  equal  
t o  the   load  PC. This  phase of t h e   c o n t r a c t i n g   p r o c e s s  i s  i somet r i c ;  
t h a t  is ,  the  to ta l  musc le  length  has  not  changed  because  the  forearm i s  
'The load is a c t u a l l y  a p p l i e d  by a dc  e l ec t r i c - to rque  motor w i t h  t h e  
forearm s t rapped  t o  a metallic member t h a t  is keyed t o  t h e  motor  shaf t ,  
as descr ibed  in  Chapter  I V .  The load  tends  t o  move the  forearm  toward 
a s t r e t c h e d  p o s i t i o n .  
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still i n  i t s  i n i t i a l  p o s i t i o n .  What fol lows,  however, is t h e   i s o t o n i c  
process  which is of concern  here .  Once the  t ens ion  of t h e  series elas- 
t i c  element  has assumed the   cons t an t   app l i ed  load PC, any f u r t h e r  
shor ten ing  of t h e  c o n t r a c t i l e  e l e m e n t  results in  no  change  in  the  l eng th  
of t h e  series elast ic  e l e m e n t  b u t  r a t h e r  i n  f l e x i o n  of the  forearm; both 
ends of t h e  series elastic element move in  such  a way t h a t  i t s  t o t a l  
length remains unchanged because i ts  length,  corresponding t o  a unique 
load PC, is  also unique.  As a r e s u l t ,   a c c o r d i n g  t o  t h e   d e f i n i t i o n  of 
eC, t he   change   i n  as measured  from  the  beginning of t h e   i s o t o n i c  
process  (i .e ., f r o m  t h e  i n s t a n t  t h e  forearm starts moving) equals e;,  
and the shor t en ing   ve loc i ty  of t h e   c o n t r a c t i l e   e l e m e n t  iC equals  
which is the  ac tua l  obse rved  angu la r  ve loc i ty  of forearm f lex ion .  That  
is, under  i so tonic  condi t ions ,  
8L 
e = e  + e  C L CK 
and 
f, = Q  C L ( 3 . 3 )  
where i s  the  cons t an t  angu la r  d i sp l acemen t  of the forearm,corre-  
sponding to t h e  s t r e t c h  of t h e  series e l a s t i c  element from i t s  normal 
r e s t i n g  l e n g t h  for cons tan t  l oad  
'CK 
- 
Observation of BL and 8, are, therefore ,   an   ind i rec t   bu t   accu-  
rate observat ion of Bc and iC during  isotonic   experiments   and,  be- 
cause Bc and 6, are n o t   a v a i l a b l e   f o r  d i rect  measurement,  these ex- 
pe r imen t s  a f fo rd  the  best d a t a  f o r  c h a r a c t e r i z i n g  Eq. ( 2 . 7 )  d e s c r i b i n g  
t h e  c o n t r a c t i l e  e l e m e n t .  
B .  Idea l ized  Descr ip t ion  of Expected  Results Based . on the  Pos tu l a t ed  
Model 
Th i s  s ec t ion  is intended t o  shed more l i g h t  on t h e  mechanism of 
cont rac t ion  descr ibed  above  for  the  pos tu la ted  model .  For t h i s  pu rpose ,  
' Simi la r ly ,   t he   change   i n  xc equals  XL dur ing   t he   i so ton ic   p rocess .  
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e x p e c t e d  q u a l i t a t i v e  t i m e  h i s tor ies  and  phase-p lane  p lo ts ,  based  on  
models developed  f rom previous  inves t iga t ions  on f r o g  and cat  muscles 
( H i l l  and  Zajac) are presented.  The r a t i o n a l e  f o r  present ing   phase-  
p l a n e  p l o t s  as w e l l  as t i m e  h i s t o r i e s  i s  that  they lend themselves  well 
t o  t h e  a n a l y s i s  of nonlinear data,  and the mathematical  models f o r  t h e  
c o n t r a c t i l e  and series elast ic  elements,  indeed, are expected t o  be very 
n o n l i n e a r .  
F igures  4 and 5 i l l u s t r a t e  bo th  the  i somet r i c  and  i so ton ic  p roces -  
ses t a k i n g  p l a c e  i n  t h e  e x p e r i m e n t s  t h a t  c h a r a c t e r i z e  t h e  c o n t r a c t i l e  
element.   Reference t o  the   pos tu l a t ed  model of F i g .  2, should  be made. 
Motion  of the   forearm ( e  8 ) only  begins when t h e  series e las t ic  e l -  
ement  has  been  s t re tched  to  the  length  cor responding  to  the  tens ion  P - 
C' 
t h a t  is, when the developed tension of t h e  series e las t ic  element  equals 
t he   app l i ed   l oad .   Dur ing   t he   i so ton ic   p rocess ,  8 = 8 and QC a l w a y s  
C L 
d i f f e r s   f r o m  QL by  a c o n s t a n t  'CK i f  t h e  m u s c l e  i s  under  cons tan t  
t ens ion .  The magnitude  of 
'CK 
depends on t h e  v a l u e  of the  load  appl ied  
L' L 
in 
t 
a3 
J 
cis 
V rn 
C 
a .  
" 
I 
I 
I 
L 
/' 
/ ""T""f- 
,I[* 9c 
/&- NON- IDEALIZED 8, 
-5 
TI ME 
Forearm angular posit ion 
F ig .  4.  QUALITATIVE TIME HISTORIES OF ec, eL, 
AND 8, FOR  POSTULATED MODEL. 
22 
t J 
0 8  
ds 
o m  
0 
C 
SOMETRIC 
d 
"
- 
8,. 0 
Q, 20 
ISOTONIC - ~~ ~ D 
0 0  e, = e ,  
b. Forearm  angular   veloci ty  
F i g .  4 .  CONTINUED. 
t o   t h e   f o r e a r m .   T h e o r e t i c a l l y ,   t h e  model sugges ts  an i n s t a n t a n e o u s   f i -  
n i t e  nonze ro   va lue   fo r  6, a t  the   onse t  of the   i so tonic   p rocess   because  
8, then i s  e q u a l   t o  6,, as i l l u s t r a t e d   i n   F i g s .  4b  and 5; however, 
t h i s  a l s o  i m p l i e s  an  i n s t an taneous  ve loc i ty  of the forearm a t  the begin-  
n ing  of motion.  This  cannot  occur  physically,  and d o t t e d  l i n e s  are drawn 
t o  i n d i c a t e  t h e  more r ea l i s t i c  shapes of the  expec ted  curves  under  ac tua l  
phys i ca l  cond i t ions .  
I t  should be noted that  Figs .  4 and 5 are n o t  s c a l e d  r e a l i s t i c a l l y .  
For  example,  the  isometric  period,  which  only lasts approximately 75 m s ,  
i s  g r e a t l y  e x a g g e r a t e d  r e l a t i v e  t o  t h e  t o t a l  s t i m u l u s  d u r a t i o n  of 1300 
m s .  Also, the   phase-p lane   p lo ts  of F ig .  5 are n o t  q u a n t i t a t i v e l y  compat- 
i b l e  t o  t h e  t i m e  h i s t o r i e s  of F i g .  4; they are pure ly  a working descrip- 
t i o n  of the   pos tu la ted   model .  They w i l l  prove  very  useful ,  however, i n  
i n t e rp re t ing  the  expe r imen ta l  data r e q u i r e d  t o  c h a r a c t e r i z e  t h e  f u n c t i o n  
g , W .  
Fig .  5. QUALITATIVE  PHASE-PLANE.  REPRESENTATIONS OF 
ec vs iic,iL AND eL vs  ii,, 6,. 
C .  Servo-Loop  Implementation for   I so tonic   Exper iments  
A s  discussed i n  t h e  two preceding sect ions,  isotonic  experiments ,  
or experiments  throughout  which  the  muscle  force P remains  constant ,  
a re   necessary  t o  make poss ib le   the   in ference  of eC and OC from mea- 
surements of forearm angular  posi t ion and v e l o c i t y .  
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1. The  Problem 
The  method f o r  a p p l y i n g  t h e  l o a d  t o  t h e  m u s c l e  is by means of 
a dc torque motor ,  and the resul t ing equat ions governing the f lexion of 
the forearm,  developed in  Chapter  11, were 
or 
P = (Ts + I h5(eL) A L  
(2.12) 
(2.13) 
depending on whether   the   e lec t r ic -motor   to rque  TM computed  from the  
a rmature   cur ren t   s igna l ,   o r   the   to rque  TS a t   t h e   s t r a i n - g a u g e   l o c a t i o n  
computed  from the  s t ra in-gauge  s igna l ,  i s  used i n  the  equat ion  of motion. 
Equation  (2.14)  defined h5 (eL), as   g iven  i n  Chapter 11. 
By cons ider ing  Eq. (2.12)', i t  is  apparent  t h . a t ,  i f  an  exper i -  
m e n t  i s  t o  be i s o t o n i c   ( i f  P is  t o  remain  constant  hroughout), the 
right-hand side of the equation  must be k e p t  c o n s t a n t .  The fol lowing 
two s i g n i f i c a n t  d i f f i c u l t i e s ,  however,   complicate  such  isotonic  experi-  
ments. 
( a )  The angu la r   acce l e ra t ion  of the   forearm  def lec t ion  &, 
can be assumed by n o  means  t o  be constant  throughout  
such  experiments;  from t h e  observa t ions  of past  inves-  
t i g a t o r s ,  it i s  not .   Therefore ,   unless   the  product  
I T ~ L  can be neglected  (unless   the i ne r t i a  of t he  s y s -  
t e m  IT i s  neg l ig ib ly  small), some adjus tment   o  
compensate f o r   t h e   v a r i a t i o n s  i n  I T ~ L  must  be made 
f o r  i s o t o n i c  c o n d i t i o n s  t o  e x i s t .  
(b) The f u n c t i o n   h g ( 8 ~ )   p l o t t e d  i n  F i g .  6 f o r   t h e   r a n g e  
of 8 L  i s  not   constant   because of the  changing geome- 
t r y  of the arm/muscle system during forearm flexion. 
In essence,  h5 ( 8 ~ )  accounts   for   the   changing   length  
of t h e  moment-arm vec to r  q i n  the   equat ions  of motion 
(see Fig.  41 i n  Appendix AT. 
'The d i scuss ions  that  fo l low i n  r e f e r e n c e  t o  Eq .  (2 .12)  a l so  apply  ana l -  
ogously t o  Eq. (2.13).  
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The i n e r t i a  term is, the re fo re ,   t he   on ly   cons t an t  on the  r ight-hand 
side of E q .  (2.12) because no change of mass occurs  dur ing  the  exper i -  
ments. The appl ied  load (e lec t r ic -motor   to rque)  TM i s  the   on ly   o the r  
term tha t  can  be  con t ro l l ed  eas i ly  and  kep t  cons t an t  (by applying a con- 
s t an t  i npu t  cu r ren t  t o  the  moto r ) ,  i f  t he  hope  was t o  keep every individ-  
ua l   parameter  on the  r igh t -hand  s ide  of t he  equa t ion  cons t an t .  However, 
TM w i l l  n o t  be kept  constant ,  and it i s  t h i s  f l e x i b i l i t y  t h a t  w i l l  per-  
m i t  t r ue   i so ton ic   expe r imen t s   t o   be   conduc ted .  The v a l u e  of TM w i l l  
be c o n t r o l l e d  i n  s u c h  a way t h a t  it compensates for t h e  c h a n g e s  i n  t h e  
va lues  of Q, and h5 (e,). This  w i l l  be accomplished by making use  of 
IT 
26 
some feedback  cont ro l  log ic  i n  d r iv ing  the  torque  motor ,  as d i scussed  
l a t e r  i n  t h i s  s e c t i o n .  
P r e v i o u s  i n v e s t i g a t o r s  s u r m o u n t e d  t h e  f i r s t  d i f f i c u l t y ,  
i nvo lv ing   va r i a t ions   i n   t he   t e rm IT8, , by simply  ignoring i t .  They 
were a b l e  t o  d o  so because they  d e a l t  w i t h  low- iner t ia  sys t ems  and stud- 
ied muscles such as t h e  s a r t o r i u s  of f r o g  and the medial gastrocnemius 
of ca t ,  which have small masses compared t o  t h e  b i c e p s - b r a c h i a l i s  g r o u p .  
Fur thermore ,  ex terna l  forces  appl ied  to  these  musc les  be ing  small allowed 
the  des ign  of low- iner t ia  sys tems ( low- iner t ia  spr ings)  for t h e  a p p l i c a -  
t i on   o f   t hese   fo rces .  I n  conc lus ion ,   t he   t o t a l   i ne r t i a s   i nvo lved  i n  
their experiments ( t h e  terms analogous t o  I were n e g l i g i b l y  small. 
However, some t r a n s i e n t  h i g h - f r e q u e n c y  o s c i l l a t i o n s  d u e  t o  t h e  i n e r t i a  
of t h e  s y s t e m s  could s t i l l  b e  d e t e c t e d  i n  t h e i r  r e s u l t s .  T h e s e  i n e r t i a  
e f f e c t s  somewhat d i s rup ted  the exper imenta l  resu l t s ,  bu t  ex t rapola t ion  
of t he  data  pe rmi t t ed  use fu l  conc lus ions  to  be drawn.  For t h e  study of 
the biceps-brachial is  muscle  group presented here ,  i t  was no t  poss ib l e  
t o  t o l e r a t e  or t o  i g n o r e  these i n e r t i a  e f f e c t s .  
t 
T 
The second  d i f f i cu l ty ,  i nvo lv ing  the  scalar  v a r i a b l e  h5 (e,), 
d i d  not   occur  i n  p rev ious  inves t iga t ions .  These experiments were per- 
formed i n  v i t r o  and in  vivo,  a l lowing direct  measurements  of the sho r t -  
en ing  musc les  in  t rans la t iona l  mot ions  ra ther  t h a n  measurements of limbs 
i n  ro t a t iona l   mo t ions .  N o  limb/muscle  geometry  entered  the  problem. 
2 .  The Solu t ion  
The  method of solut ion adopted i n  s o l v i n g  t h e  two  problems 
confronted  i n  running isotonic  experiments  was t o  take advantage of t h e  
a v a i l a b l e  c o n t r o l  of the torque motor .  This  w a s  done by us ing  i t  not  
only as a torque-producing  device  to   apply the load TM t o  t h e  f o r e a r m  
b u t  a l s o  u s i n g  it as a r e g u l a t o r  i n  a d j u s t i n g  the va lue  of t o  com- 
p e n s a t e   f o r  the v a r i a b l e s  IT;, and h5 (e,) in  such a way as t o  keep 
the right-hand side of Eq. (2 .12 )  c o n s t a n t .  
TM 
'To  be more precise ,  reference should be made t o  t h e  terms "analogous t o  
1 ~ 8 ~ "  (rather t h a n   t o  IT& by i t s e l f   i f   t h e   e q u a t i o n s  of motion f o r  
t hesys t ems  invo lved  i n  t he  p rev ious  inves t iga t ions  were formulated 
analogously.  
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The servo-cont ro l  log ic  of F ig .  7 i l l u s t r a t e s  t h i s  s o l u t i o n .  
The cons t an t   i npu t   vo l t age  Vi, co r r e spond ing   t o   t he   des i r ed   cons t an t  
f o r c e  Pi i n  t he   musc le s   fo r  a g iven   i so tonic  trial, is kept   cons tan t  
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P = (TM + ITgL) h ( e  ) 5 L  
[ a 2  + d + 2ld  COS (eo + e,) 2 
h ( 8 ) =  5 L  ad s i n  (eo + 0,) 
F ig .  7 .  FEEDBACK  CONTROL  OOPS  REQUIRED  FOR  COMPENSATION  OF  INERTIA AND 
CHANGING GEOMETRY OF ARM/MLJSCLE SYSTEM DURING ACCELERATED ISOTONIC MO- 
T I O N S .  
throughout  he  experiment.  The inner   loop,   involving  the  sensing of t h e  
forearm  angular   accelerat ion QL and the   f eed ing  back of t he   nega t ive  
product -I g t o   t h e  summing j u n c t i o n ,   p r o v i d e s   t h e   s o l u t i o n   f o r   d i f -  
f i c u l t y  (a) by precisely  compensating for t he   va r i ab le   p roduc t  ITgL. 
The ou te r  l oop ,  r e su l t i ng  i n  the  feeding  back of t he  inve r t ed  func t ion  
l / h  ( e  ) t o  a m u l t i p l i e r  a s  shown, a c c o u n t s  f o r  d i f f i c u l t y  ( b )  which 
T L  
5 L  
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i s  the changing geometry of t he  a rdmusc le  sys t em dur ing  f l ex ion  of t he  
forearm. I t  should  be  observed  that ,   without  he  outer  loop,  the system 
ind ica t ed  by Fig .  7 would provide experimental  trials wi th  cons tan t  mus- 
c l e   t o rque   r a the r   t han   cons t an t   musc le   fo rce  P; the  r ight-hand side of 
Eq. (2.9) would have  been  kep t  cons t an t  du r ing  the  t r i a l  r a the r  t han  the  
right-hand side of Eq. (2.12). 
Figure 8 is a block diagram of the  sys t em tha t  was a c t u a l l y  
used i n  car ry ing   ou t   the   i so tonic   exper iments .  The addi t iona l   loop  i n -  
troduced  ( the  feeding  back of to rque  us ing  the  s t ra in-gauge  s igna l  TS) 
i s  s o l e l y  f o r  t h e  p u r p o s e  of improving the dynamic response of t he  
a ( t  1 --I TA MUSCLES + ARM 
STIMULUS) DYNAMICS -"-h , . ;  . , _  j .  ..:..:: . .  . , . ., , . , , , . 
5 DC-TORQUE MOTOR - !.'. + STRAIN GAUGE T~ 
DYNAMICS 
TM 
I K f b  I 
\ \ u\ '  I A 
L 
\ . 
Fig .  8.  BLOCK DIAGRAM OF ARM/MUSCI.Z/ELECTRIC-MOTOR SYSTEM  FOR ISOTONIC 
EXPERIMENTS  USING  STRAIN-GAUGE  SIGNAL. 
torque  motor. The use of t h i s  loop is  an app l i ca t ion  of the  basic  con- 
cept  of "feedback, " where the  va lue  fo r  t he  ga in  w a s  chosen t o  
opt imize the frequency response of t he  to rque  moto r ,  t ha t  is, t o  maximize 
i t s  bandwidth within acceptable  s tabi l i ty  margins .  The n e t  e f f e c t  of 
t h i s  l oop  r e su l t ed  i n  a more accura te  fo l lowing  of t h e  i n p u t  command  by 
Kf b 
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t he  to rque  ou tpu t  of the motor and a d e c r e a s e d  s e n s i t i v i t y  of the system 
t o   e x t e r n a l   d i s t u r b a n c e s .  A s  po in t ed   ou t ,   t he   ou tpu t   s igna l  TS ( s t r a i n -  
gauge   s igna l )   r a the r   t han  TM (armature-cur ren t   s igna l )  was used t o  i m -  
plement t h i s  l oop .  Th i s  cho ice  was based-exper imenta l ly  on t h e  q u a l i t y  
of t h e s e  two s i g n a l s .  The armature-current  signal,  from  which TM is 
derived, w a s  "no i s i e r "  t han  the  s t r a in -gauge  s igna l  u sed  to  compute  TS * 
Another  deviat ion of t h e  sys t em of F i g .  8 from t h a t  of F ig .  7 
i s  in  the  numer ica l  va lue  of t h e  moment of i n e r t i a  used  in  the  feed-  
back  loop.   Because  the  torque  output   s ignal   considered i n  F i g .  8 i s  
t h e  p e r t i n e n t  e q u a t i o n  of motion governing the f lexion of the  forearm i s  
Eq.  (2 .13)   ra ther  t h a n  (2 .12);   that  is ,  the sys tem  ac tua l ly  used  i n  t he  
experiments   (Fig.  8) main ta ins   the   r igh t -hand  s ide  of  Eq. (2.13)  con- 
s t a n t  throughout  each t r i a l .  A l l  t h e  d i s c u s s i o n s  i n  t h i s  s e c t i o n  re la-  
t i v e  t o  Eq. (2.12) are  completely  analogous t o  Eq. (2 .13) .  
IA 
TS' 
D .  Cha rac t e r i za t ion  of t h e   S e r i e s   E l a s t i c  E l e m e n t  
The aim i n  c h a r a c t e r i z i n g  t h e  series e l a s t i c  e l e m e n t  i s  t o  write 
the  equa t ion  desc r ib ing  i t s  behavior,  namely, 
i n  a n  e x p l i c i t  form where the   symbol ic   func t ion   g , (*)  i s  f u l l y  de- 
s c r i b e d .  
The c o n t r a c t i l e  e l e m e n t  was c h a r a c t e r i z e d  d i r e c t l y  and e n t i r e l y  from 
the r e s u l t s  of the   i so tonic   exper iments ;   however ,   the   resu l t s  of both the 
isotonic experiments and a new set  of pure ly  i somet r ic  exper iments  w i l l  
be  used t o  c h a r a c t e r i z e  t h e  series e l a s t i c  e l e m e n t .  The p e r t i n e n t  data  
from the isometric experiments w i l l  be t h e  time h i s t o r i e s  of muscle-group 
torque  about  he  elbow TA f o r   d i f f e r e n t   m u s c l e   l e n g t h s .  
Under i somet r ic  condi t ions ,  where  the  to ta l  musc le  length  r e m a i n s  
f ixed throughout  the experiment  or, f o r  t h e  c a s e  c o n s i d e r e d  h e r e ,  where 
both the shoulder  and the forearm are  r e s t r i c t e d  from moving, 
TA = TS 
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(3 .4)  
This  i s  observed from Eq . (2 .lo) because t h e  a n g u l a r  a c c e l e r a t i o n  
is  zero. Therefore ,  by f i x i n g  t h e  metallic member on which t h e  s u b j e c t ’ s  
arm i s  at tached and by s t i m u l a t i n g  t h e  muscle group,  the t i m e  h i s t o r y  of 
t he  to rque  TA of t h e  muscles about t h e  elbow can be obta ined  by ca lcu-  
l a t i n g  TS from the  observed  s t ra in-gauge  s ignal .   Consequent ly ,  i f  t h e  
l e n g t h  of the muscle ,  or t h e  p o s i t i o n  of t h e  forearm, i s  v a r i e d  f o r  each 
t r i a l ,  t h e  forearm a n g u l a r  p o s i t i o n  as  a func t ion  of t h e  s t e a d y - s t a t e  
musc le  torque  can  be  es tab l i shed  eas i ly  from t h e  r e s u l t i n g  d a t a ,  namely 
eL 
.. 
8 = r(TA) L (3.5 1 
Using  these  r e su l t s ,  Eq. (2.7) can  be  expressed  in  terms of only two 
dependent   var iab les ;   thus ,  by s u b s t i t u t i n g  Eq. (3.5) i n t o  (2.7) f o r  eL’ 
ec = g (T ) 3 A  
In t eg ra t ion  of (3.6) y i e l d s  
rt 
where t = rea l  t i m e .  
F i n a l l y ,  by making  use of Eqs. (3.5) and (3  .7), t h e  c h a r a c t e r i z a t i o n  
of t h e  series e las t ic  element  by  Eq. (2.6) becomes, f o r  s teady-state  con-  
d i t i o n s ,  
rt 
eC - QL = jo ~ g3(TA> d t  - r(TA) 
s u b j e c t  t o  t h e   c o n s t r a i n t  0 = r(TA) of  Eq. (3.5). 
L 
Again,  the isometric experiments  must  be carr ied out  with the arm 
flexed i n  a h o r i z o n t a l  p l a n e  i f  the strain-gauge measurements are t o  
g i v e  a true observa t ion  of TA as d e P i n e d   i n   t h i s   s t u d y .  
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E. Summary 
To de termine   the   s imples t   expl ic i t   fo rms  for g1 ( 0 )  and  g2 ( - 1  i n  
Eqs. (2.6) and ( 2 . 7 )  which c h a r a c t e r i z e  t h e  series e l a s t i c  and contrac- 
t i l e  elements,  two sets of experiments ,   i sotonic   and  isometr ic ,  were 
f o m u l a t e d .  
Under i s o t o n i c   c o n d i t i o n s ,   t h a t  is ,  when muscle t e n s i o n  P is kept  
cons tan t ,  
e = e  C L 
and 
e = e L + e  
C CK 
(3.3) 
and  because  the  angular  displacement of the  forearm eL i s  the  only 
genera l ized  coord ina te  tha t ,  wi th  i t s  de r iva t ives ,  can  be  measured  ex- 
pe r imen ta l ly ,  i so ton ic  cond i t ions  a re  necessa ry  to  pe rmi t  t he  in fe rence  
of QC and ic from  easurements of QL and iL. These  condi t ions 
were obtained by using an e l ec t r i c  moto r  no t  on ly  as a torque-producing 
dev ice  to  app ly  the  load  to  the  musc le s  bu t  a l so  as a regula tor  (F ig .  8) 
t o  compensate f o r  t h e  i n e r t i a  of t h e  sys t em dur ing  acce lera ted  mot ions  
[IAgL i n  Eq. (2.13 11 a s  w e l l  a s  for  the  changing  geometry  of the  arm 
and muscles   during  f lexion of the  forearm h ( e  i n  Eq. (2 .13) .  Such 
compensations were necessary t o  m a i n t a i n  the  r igh t -hand s ide  of Eq. (2.13) 
cons t an t ,   t ha t  is, t o  keep P cons t an t  and the   exper iments   i so tonic .  
These  isotonic  experiments,   alone,   provide  enough  information  to  complete- 
l y  cha rac t e r i ze  the  con t r ac t i l e  e l emen t .  
5 L  
A set of isometric experiments providing time h i s t o r i e s  of muscle- 
group  torque  about  he  lbow T for d i f f e ren t   musc le   l eng ths   pe rmi t s  
t h e   e x p l i c i t   d e s c r i p t i o n  of the   func t ion  r ( * )  i n  t he   s t eady- s t a t e  
torque  equat ion,  Eq. (3 .5) .  
A 
These r e s u l t s  a l l o w  Eq. ( 2 . 7 )  t o  be expressed i n  terms of only  two 
dependent   var iables  by s u b s t i t u t i n g   ( 3 . 5 )   f o r  BL. In t eg ra t ion  of t he  
r e s u l t i n g  e q u a t i o n  y i e l d s  Eq. (3.7).  
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The series e last ic  element is  then characterized, for steady-state 
conditions, from the results given by E q s .  (3.5) and (3 .7)  and Eq.  (2.6), 
thus 
Pt 
subject to  the constraint given by (3.5). 
The results of both the isotonic and isometric experiments are, 
therefore, used t o  describe the series  e last ic  element. 
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i n  the  foreground.  The s t i m u l a t o r ,   a m p l i f i e r s   f o r   t h e  s t r a i n  gauge,  the 
analog computer, and the patch panel where most of the  s y s t e m  connect ions 
were made appear  in  the  background.  Additional  equipment  included  the 
d ig i t a l   compute r ,   t he   t ape   r eco rde r ,  and the   o sc i l l o scope .  
A .  Method of Stimulat ion 
Exc i t a t ion  of the muscle group w a s  performed by a s t i m u l a t i n g  eke- 
t rode  he ld  ex te rna l ly  on t h e  s k i n  su r f ace  a t  the  motor  poin t  loca t ion .  
The sk in  w a s  n o t  broken. 
1. Elec t rodes  Used 
The s t imu la t ing  e l ec t rode  was a 1 i n .  coppe r  d i sk ,  so lde red  to  
t h e  electrical lead .  A t h i n  f e l t  pad soaked i n  s a l i n e  w a s  a t tached  t o  
the  su r face  of t h e  e l e c t r o d e  i n  con tac t  w i th  the  sk in  t a  provide more 
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uni form cur ren t  conduct ion .  This  e lec t rode  w a s  selected from prel imi-  
n a r y  experiments  where  various  shapes  and  sizes were considered.  A l -  
though the motor point is  well d e f i n e d  f o r  any one angular posit ion of 
a j o i n t  (or muscle  length) ,  it sh i f t s  du r ing  mot ion  of t he  jo in t  because  
of the  muscle movement r e l a t i v e  t o  t h e  s k i n  [ R e f .  51. The motor  point 
f o r  t h e  f l e x o r  of the forearm w a s  found t o  l i e  wi th in  an area approxi-  
mately 1 i n .  i n .  d i a m e t e r  f r o m  f u l l  e x t e n s i o n  t o  f u l l  f l e x i o n  of t h e  e l -  
bow jo in t .  This  sugges ted  the  use  of an  e l e c t r o d e  t h a t  would c o v e r  t h i s  
a rea .  For  the  musc le  group cons idered ,  the  motor  poin t  for  an  adul t  
sub jec t  of ave rage  s i ze  l ies within 3 t o  4 i n .  f rom the elbow joint  on 
top of the muscles.  
Poss ib ly  the  mos t  d i f f i cu l t  and c r i t i c a l  p a r t  of the  exper i -  
men t s  w a s  the  determinat ion of a n  e f f i c i e n t  method of apply ing  the  stim- 
u l a t i n g  e l e c t r o d e  a t  the  motor  point of the muscles .  The l e v e l  of muscle 
e x c i t a t i o n ,  f o r  t h e  same cu r ren t  i npu t ,  i s  not only a func t ion  of t h e  
loca t ion  of t h e  e l e c t r o d e  b u t  a l s o  of the pressure between the electrode 
and the  arm.  Several  devices  were tried, inc luding  a 1/2 i n .  rubber 
band, a "clamping" mechanism resembling a  C-clamp wi th  the  e l ec t rode  
mounted on the  threaded member, and a spring-loaded  clamp. A l l  these  
devices allowed adjustments i n  the pressure between electrode and arm. 
The rubber-band attachment gave the worst  results,  while the spring- 
loaded clamp was t h e  most encouraging; however, with practice and exper- 
ience ,  the  most  cons is ten t  results were obtained by ho ld ing  the  e l ec t rode  
manually, as shown in   F ig .  11. The e l ec t rode  i s  held  between  the  fore 
and middle fingers,  and t h e  thumb is  placed on the  ou t s ide  of the sub- 
j e c t ' s  arm to  p rov ide  the  ba l anc ing  p res su re .  
Nei ther  the locat ion nor  the shape of t he  ground e l ec t rode  
appeared t o  have much e f f e c t  on t h e  e f f e c t i v e n e s s  of s t imu la t ion .  The 
one se l ec t ed  was  a f l a t  p i e c e  of rec tangular  meta l  (EEG e l e c t r o d e )  and 
was a t tached  to  the  forearm by means of a wide  rubber  band.  Electrode 
j e l l y  was appl ied  on the  su r face  i n  contac t  wi th  the  s k i n  f o r  b e t t e r  
conduction. 
38 
Fig .  11. METHOD OF STIMULATION. 
2 .  Stimulus Waveform  Used 
The  waveforms  used as s t i m u l i  were dc r ec t angu la r  pu l se s .  
Three parameters are  r e q u i r e d  t o  c h a r a c t e r i z e  a dc  pulse  t r a i n :  ampli- 
tude I ,  frequency or number of pu lses / sec  W, and  pulsewidth D .  A s  
noted  above, a l l  the experiments were conducted under  s t imuli  condi t ions 
producing  both  tetanic  and maximal c o n t r a c t i o n s ;  t h a t  is, the  frequency 
of the  s t imulus  w a s  high enough for the  ind iv idua l  musc le  twi tches  cor -  
responding t o  e a c h  p u l s e  t o  o v e r l a p  i n t o  a smooth muscle contraction 
( t e t a n u s ) ,  and the ampli tude or width of t he  pu l ses  were l a r g e  enough 
t o  exceed  the  f i r i ng  th re sho ld  of a l l  the motor units involved (maximal).  
The va lues  requi red  for the above parameters were chosen from 
preliminary  experiments  in  which  they were va r i ed   i nd iv idua l ly .   Te tanus  
seemed t o  be reached for  pulse  f requencies  above 20/sec,  a l though some 
r i p p l e  i n  the developed torque (s t ra in-gauge s ignal)  could be observed 
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f o r  f r e q u e n c i e s  below 60 pulses/sec.  For t h i s  r e a s o n ,  most experiments 
were run a t  frequencies between 60 and 75 pulses/sec . A given torque 
can be achieved by h o l d i n g   e i t h e r  I or  D f ixed  and by v a r y i n g   t h e  
o ther   parameter .  The pulsewidth D was usua l ly   he ld  t o  a fixed v a l u e  
(between 0.5 and 0.8 m s ) ,  and   t he   cu r ren t   ampl i tude  I was used as t h e  
c o n t r o l  s i g n a l  t o  achieve  maximal s t imu la t ion .  Th i s  w a s  accomplished 
by g radua l ly   i nc reas ing  I and  recording  the  developed  torque  unt i l   any 
f u r t h e r   i n c r e a s e   i n  I would not  be  accompanied by an   i nc rease   i n   t o rque .  
The v a l u e s  of I r e q u i r e d  f o r  maximal conditions  ranged  between 7 and 8 
mA. 
B. Method of Load Applicat ion 
The l o a d s  r e q u i r e d  f o r  t h e  i s o t o n i c  e x p e r i m e n t s  were provided by a 
dc torque motor (Inland Motors MG-5111A) t h a t  was shock-mounted i n  a 
steel cage.  Feedback  sensors  included a self-contained  tachometer  and 
bottom-  and  top-mounted  potentiometers on t h e  dc moto r  sha f t .  A s  p rev i -  
ously noted, the torque motor was con t ro l l ed  no t  on ly  to  p roduce  the  re- 
qui red  loads but  a lso as a servomechanism t o  compensate f o r  d e v e l o p i n g  
i ne r t i a l  loads during accelerated motions and for  the changing geometry 
of t h e  arm/muscle  system.  This  control  system was implemented on an 
ana log  compute r ,  acco rd ing  to  the  r ep resen ta t ion  of F i g .  12. 
1. Angular-Acceleration  Feedback Loop 
Angular  acce lera t ion  of the  forearm was obtained by d i f f e r e n -  
t i a t i n g  t h e  t a c h o m e t e r  s i g n a l ,  as i n d i c a t e d  by t h e  d i f f e r e n t i a t o r / f i l t e r  
c i r c u i t  of F i g .  12. The l i n e a r  r e p r e s e n t a t i o n  of t h i s  s y s t e m  i s  given 
by t h e  f o l l o w i n g  t r a n s f e r  f u n c t i o n :  
3’ - (S) = -RC S 
U 
(RCS + 1) 2 
where 
u d i f f e r e n t i a t o r   i n p u t  
y d i f f e r e n t i a t o r   u t p u t  
S Laplace  t ransform  operator  
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F ig .  12. CONTROL-SYSTEnll  IMPLElMENTATION USING ANALOG COMPUTER. 
R = r e s i s t o r  
C c a p a c i t o r  
and, f o r   t h e   v a l u e s  of R and C used and p resen ted   i n   Tab le  1, t h e  
f i r s t - o r d e r   f i l t e r  has a breakaway frequency a t  48 cyc le s / sec ;  t ha t  is, 
in the low-frequency range of i n t e r e s t ,  the tachometer  s igna l  is d i f f e r -  
ent ia ted vrhi le  high-frequency dis turbances or  noise  are a t t e n u a t e d  o r  
f i l t e r e d .  The moment of i n e r t i a  was computed using the approximate 
mass given in  Table  1 (percent  of t o t a l  body w e i g h t )  f o r  t h e  hand  and 
forearm; t h e   v a l u e s  of IA and of the   o the r   pa rame te r s  were needed t o  
d e t e r m i n e  t h e  s e t t i n g  of po t  No. 10 i n  t h e  a c c e l e r a t i o n  f e e d b a c k  loop of 
F ig .  12 .  
IA 
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Table 1 
VALUES  OF  PARAMETERS  FOR  ANALOG-SERVO  IMPI.J3MENTATION 
Parameters 
Hand & Forearm X 100 
Tota l  Body Weight 
IA 
C 
R 
Tachometer Signal 
Motor  Torque  (open  loop) 
Pot No. 10 S e t t i n g  
U n i t s  
percent  
f t- lb-sec 
2 
mF 
Ohm 
V-sec/rad 
f t-lb/V 
"- 
Numerical Values 
3.45 
0.06 
0.033 
100 K 
2.8 
12.5 
0.54 
2. Nonlinear-Position  Feedback Loop 
The nonlinear-posit ion feedback loop w a s  implemented by making 
use of the  poten t iometer  mounted a t  the bottom of the  motor  shaf t .  The 
vo l t ages  a t  the  " t aps"  of the potent iometer  were control led from the 
analog  computer t o   p rov ide   t he   des i r ed   l / h (8   f eedback   func t ion .  The 
s e t t i n g s  of po t  Nos. 5, 6, and 7 determine  l /h5(BL),  while  the set- 
t i n g  of t he  con t ro l  po t  No. 9 de te rmines  the  ex te rna l  l oad  app l i ed  to  
the  forearm ( the  torque  appl ied  by the  motor ) .  Thei r  re la t ionship  i s  
given in  Table  2. 
5 L  
Table 2 
MOTOR TORQUE VS CONTROL-POT SETTING  FOR 8 = 40"' 
Control-Pot 
S e t t i n g  
(No. 9) 
,691 .581 .462  .380 .274 ,211 .159 -107 
Motor Tor.que 
(f t - l b )  2 10 8 6 5 4 3 
'Th is  tab le  is a p p l i c a b l e  o n l y  f o r  t h e  set t ings of po t  Nos. 5,  6, and 
7 a t  0.18, 0.12, and 0.40, r e spec t ive ly ,  and of t h e  strain-gauge am- 
p l i f i e r  g a i n  a t  50. 
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3. Arm-Transducer  A rangement 
The s u b j e c t ' s  arm was attached t o  a metallic member t h a t  was 
keyed t o  the moto r  sha f t ,  t hus  ac t ing  as a torque  t ransducer .  A measure 
of the  torque  TS was provided by a s t ra in  gauge  mounted on t h e  metallic 
member. The method of connection  between arm and t ransducer ,  as shown i n  
F i g .  13, involved a small wrist cast, made for each  ind iv idua l  subjec t ,  
F ig .  13. ARM-TRANSDUCER ARRANGEMENT. Clamp (A) s ecu res  the wrist 
cast (B) t o  t he  to rque  t r ansduce r  beam. The wrist cast, a poly- 
ure thane  f o m  mold of t h e  d i s t a l  f o r e a r m  and wrist j o i n t ,  was 
p repa red  fo r  each  sub jec t .  The mold accu ra t e ly  reflected t h e  
contour  of t h e  limb  and  immobilized the wrist j o i n t .  The cast 
can be rotated within clamp (A) t o  a d j u s t  the r a d i o - u l n a r  j o i n t  
p o s i t i o n .  The biceps muscle lies i n  the f r o n t a l  a s p e c t  of the 
upper arm (C) .  Elbow s t o p s  (D) l o c a t e  and r e s t r a i n  t he  elbow- 
j o i n t  axis (E),  ho ld ing  it co inc iden t  with the  torque-transducer  
a x i s .  
43 
t h a t  was t i g h t l y  s e c u r e d  t o  the t ransducer  by means of a metal clamp. 
This  allowed  no  play  between arm and t ransducer .  Elbow s tops  loca t ed  
and r e s t r a i n e d  the elbow-joint axis i n  a pos i t ion  co inc id ing  wi th  the 
motor-shaft axis. The seat of the s u b j e c t  ( d e n t a l  cha i r )   a lways  was 
adjus ted  so that  f l e x u r e  of the forearm took place i n  a hor izonta l  p lane .  
Th i s  was necessary because implementation of the  motor-control system t o  
keep the experiments  isotonic  was made a c c o r d i n g  t o  a sca l a r  equa t ion  of 
motion CEq. (2.1311 f o r  t he  arm/muscle/electric-motor system; t ha t  is, 
n o  vector-force component ou t s ide  of the  hor izonta l  p lane  was considered 
i n  the equation of motion. The at tachment  points  of the f lexor  musc les  
involved a t  the shoulder  were kept  f ixed throughout  the experiments by 
s t r app ing  the shoulders  and chest  of the s u b j e c t  s e c u r e l y  t o  t h e  c h a i r .  
I n  the isometric experiments,  the t r a n s d u c e r  o r  m e t a l l i c  arm 
is kep t  f ixed  by a metal pin through the t ransducer  and the motor  plat-  
form.  In the isotonic   experiments ,  the arm is f r e e  and the  experiments 
are i n i t i a t e d  w i t h  the  s u b j e c t ' s  arm completely relaxed and the motor 
producing a t o r q u e  t e n d i n g  t o  s t r e t c h  the arm. This  torque pushes t he  
s u b j e c t ' s  arm and the t r a n s d u c e r  t o  rest a g a i n s t  a s t o p  ( p l a s t i c  p e g )  
t h a t  is so pos i t ioned  tha t  the f l exor  musc le s  of the forearm are a t  t h e i r  
normal   res t ing   l ength  (i.e ., 8 = 8 A 40°). 0 
4. Subjec t ' s   Safe ty  
Under extreme condi t ions ,  the motor i s  a b l e  t o  d e v e l o p  o v e r  
100 f t - l b  of torque.  Th i s  presented a h a z a r d  t o  t h e  s u b j e c t ' s  s a f e t y  
i n  the event  of a malfunction of t h e  motor  or  of an  e r r o r  i n  i t s  opera- 
t i o n .  F o r  t h i s  r e a s o n ,  the angu la r  de f l ec t ion  of the fo rce  t r ansduce r  
or m e t a l l i c  arm w a s  cons t ra ined  by s t rong  mechan ica l  s tops  (bu i l t  i n to  
the s t r u c t u r e  of the motor) w i t h i n  the range of fo rea rm f l ex ion  tha t  
would cause no damage t o  ei ther the elbow o r  t he  shou lde r  j o in t s .  An 
addi t iona l  precaut ion  was taken by mounting two microswitches on t h e  
transducer,which would open when the m e t a l l i c  arm comes i n  con tac t  wi th  
the mechanical stops and  would shut  off  the motor. 
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C .  Method of Recording Data 
A l l  data were recorded on analog magnetic tape,  using an  Ampex FR 
1300 recorder .  Six channels  were used, and the following time h i s t o r i e s  
mere recorded : 
(1) forearm angu la r   pos i t i on ,  8 
(2) forearm angu la r   ve loc i ty ,  6 
(3) forearm angu la r   acce l e ra t ion ,  5 
(4) s t ra in-gauge  torque,  
(5 1 the s t imulus  Fvavef o m ,  a (t 1 
( 6 )  the "marker"  logic, M 
TS 
The "marker" l o g i c  is a digi ta l  sub rou t ine  used  to  label or mark 
the ana log  t ape  fo r  each  expe r imen ta l  t r i a l .  I t  c o n s i s t s  of a series 
of pu l se s  whose order  of amplitudes provides the key t o  p e r t i n e n t  i n f o r -  
mation regarding each trial; i n  p a r t i c u l a r  it denotes  
run number 
i n i t i a l  f o r e a r m  a n g u l a r  p o s i t i o n  
torque  appl ied  by electric motor a t  8 = Bq A 40° 
s t imulus  dura t ion  
pulse  f requency (s t imulus)  
pulsevridth  (st imulus) 
cur ren t  ampl i tude  ( s t imulus)  
The marker a l s o  has the add i t iona l  func t ion  of t r i g g e r i n g  the d i g i t i z i n g  
algori thm used in  the data a n a l y s i s  that  followed the experiments.  Un- 
marked data mould be passed over by the d i g i t i z i n g  s u b r o u t i n e  and would, 
t h e r e f o r e ,  n o t  e n t e r  the a n a l y s i s .  
I t  has been  oted that a choice of two switches,  S and S/M, w a s  
a v a i l a b l e  t o  t r i g g e r  t h e  s t imulus .  This  i s  i n d i c a t e d  i n  the experimental  
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system of Fig. 9. The only differences between these switches are t h a t  
the S-switch only t r iggers  the s t imu la to r  and d o e s  n o t  i n i t i a t e  the 
''marker l og ic ,  and t h e  S/M-switch does  both.   This  choice of either 
"marking" or  not  marking the tape and not incrementing the run  number 
of the experiment was found desirable  because of t h e  g r e a t  number of 
u n s a t i s f a c t o r y  trials a t  the beginning of a n  experiment. A g r e a t  many 
trials usus l ly  took  p l ace  be fo re  loca t ing  the  motor point of the muscle 
group,  determining the amplitude of the   s t imulus  I r e q u i r e d   f o r  maxi- 
mal con t r ac t ions ,  and obtaining  consis tency i n  the muscle  torque. Be- 
cause the da ta  resu l t ing  f rom these  pre l iminary  trials were of  no i n t e r -  
est, no time o r  e f f o r t  was devoted t o  d i g i t i z i n g  these da ta ;  t h i s  was 
accomplished by us ing  the  S-switch,  instead of the S/M-switch  and, t he re -  
fore ,   not   marki g  the  tape.  4 
D. Discussion 
A l l  the subjec ts  involved  in  the experiments were normal adults.  
These experiments were most successful on s u b j e c t s  w i th  s l ende r  arms 
because it w a s  more d i f f i c u l t  t o  l o c a t e  t h e  m o t o r  p o i n t  and maintain 
cons i s t en t  con t r ac t ions  on those  wi th  heavier  arms. 
The sensa t ion  f e l t  by the sub jec t  as the  r e s u l t  of the  tetanic and 
maximal electric s t imula t ion ,  or  shock ,  is bes t  descr ibed  as "unpleasant" 
rather than  "painful."  Subjects,   however,  seem t o  a d j u s t  more e a s i l y  t o  
a maximal con t r ac t ion ,  where the  s t imu la t ing  e l ec t rode  is properly loca-  
ted over the motor point of the muscle group, than t o  submaximal contrac-  
t ions resul t ing from the noncoincident  muscle-group motor  point  and e l ec -  
t rode .  An undes i rab le  sensa t ion  resu l t ing  f rom cur ren t  being propagated 
subcutaneously to  the elbow was observed in the l a t te r  case ;  a l so ,  e lec-  
t rodes  no t  l oca t ed  a t  the muscle-group motor point would occasionally 
a c t i v a t e  o t h e r  f l e x o r s ,  s u c h  as the  f l e x o r  c a r p i  u l n a r i s ,  and  these un- 
expected motor movements were a l s o   u n p l e a s a n t .  
Because external  s t imulat ion of muscles was t o t a l l y  f o r e i g n  t o  a l l  
subjects  involved i n  the experiments,  some l i g h t  muscle  exci ta t ion was 
performed under low f requencies  and a m p l i t u d e s  p r i o r  t o  s t r a p p i n g  t h e  
s u b j e c t s  t o  the e lec t r ic  motor / t ransducer  sys tem.  This tended to  reduce 
any exis t ing apprehension the subjects might have had a b o u t  e l e c t r i c  
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s t imu la t ion  and to b e t t e r  p r e p a r e  them for the exper iments .  At t i tude  
and cooperation were an important  par t  of the experiments because no 
ac t iva t ion  of the muscle group from the central  nervous system, volun- 
t a r y  or involuntary ,  could  be  to le ra ted .  A s  a check f o r  p o s s i b l e  i n t e r -  
f e rence  by the central  nervous system, or f o r  a s l i p p i n g  or misplaced 
st imulating e l ec t rode ,  and f o r  any o t h e r  f a c t o r  a f f e c t i n g  the experimen- 
t a l  r e su l t s ,  t he  fo l lowing  p recau t ions  mere taken.  
(1) A l l  trials mere repeated u n t i l  t he  time h i s t o r i e s  for 
st rain-gauge  torque Ts, i n  the isometric  experiments,  
and  forearm  posi t ion 8, i n  the isotonic   experiments ,  
mould be  repea tab le  (over lapping  curves)  for a t  least 
three  consecut ive  trials. 
(2)  A f t e r  a l l  t h e  r e q u i r e d  d a t a  were c o l l e c t e d ,  some of the 
i n i t i a l  r u n s  were repeated as a "spot check'' and com- 
pared for consis tency.   Polaroid  photographs of t h e  time 
h i s t o r i e s  s e l e c t e d  f o r  t h e  s p o t  c h e c k s  p r o v i d e d  i m m e d i a t e  
comparison. 
hfost exper imenta l   sess ions   l as ted   be tween  four   and  s ix  hours .  A l -  
though of t e n  two or three hours were required before  any meaningful  data  
could be recorded, the experiments could not be extended much o v e r  f i v e  
o r  s ix  hours  because fat igue would c a u s e  t h e  s u b j e c t  t o  i n v o l u n t a r i l y  
i n t e r f e r e  w i t h  t h e  d a t a  b e i n g  c o l l e c t e d .  

Chapter V 
EXPERIMENTAL  RESULTS 
The p r i n c i p a l  o b j e c t i v e  of t h i s  c h a p t e r  is  t o  p r e s e n t  some of t he  
per t inent  da ta  co l lec ted  f rom the  exper iments  in  their  "raw" form. Be- 
cause  ne i the r  t he  p rocess  no r  the  r e su l t s  of mathematical modeling are 
unique, the expe r imen ta l  r e su l t s  migh t  p rov ide  the  o r ig in  fo r  new pa ths  
i n  seeking a desc r ip t ion  of the  dynamical  behavior of human muscle. I t  
is a l s o  hoped t h a t  t h e  d a t a  i n  the presented form might be of interest 
t o  the b i o l o g i s t  o r  p h y s i o l o g i s t  f o r  new a n d / o r  d i f f e r e n t  i n t e r p r e t a t i o n s  
of the phenomena involved i n  muscle  contract ion.  A l l  the  f i g u r e s  p r e -  
sented i n  t h i s  c h a p t e r  are reproduct ions of actual  photographs of t h e  
raw d a t a ,  as they appear on an osc i l loscope .  Before  provid ing  sets of 
compa t ib l e  da t a  fo r  t h ree  ind iv idua l  sub jec t s ,  a q u a l i t a t i v e  d e s c r i p t i o n  
of t y p i c a l  r e s u l t s  i s  given. 
A .  Isotonic  Motions 
Typical time h i s t o r i e s  of forearm f lexion under  isotonic  condi t ions 
are provided by F igs .  14  and 15; t h e  e x t e r n a l  l o a d s  a p p l i e d  t o  the 
Duration:  1280 ms Durat ion:  1280 m s  
Amplitude : 8.0 mA Amplitude:  8.0 mA 
Frequency : 60/sec Frequency : 60/sec 
Pulsewidth: 0.5 ms Pulsewidth: 0.5 m s  
Stimulus Stimulus 
F ig .  14. eL VS t; T~ = 1 FT-LB F ig .  15. BL VS t ;  TM = 1 , 2 , 3 , 5 , 7  
AT e = eo. FT-LB AT e = eo. 
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forearm  during t h e  va r ious  trials a r e   i n d i c a t e d .  I t  i s  i m p o r t a n t   t o  remember, 
however, that  these ex te rna l  l oads ,  app l i ed  by the  e l e c t r i c  m o t o r  are 
func t ions  of both the  angu la r   pos i t i on  8 and angular   acce le ra t ion  8 
of the forearmt  and that  the loads given i n  t h e  f i g u r e s  a p p l y  t o  t h e  
i n i t i a l  cond i t ions  of each t r ia l ,  namely when 8 = 8 and = 0.  Fig- 
u r e  14 a l s o  i n c l u d e s  the s t imulus t r a i n  of pulses (60/sec) which allows 
the study of m u s c l e  c o n t r a c t i o n  r e l a t i v e  t o  i t s  a c t i v a t i o n .  A l l  t r a c e s  
are t r igge red  by the  s t imulus ,  and it i s  c l ea r  f rom bo th  f igu res  tha t  
t h e r e  is a time delay between t h e  o n s e t  of s t imu la t ion  and t h e  beginning 
of arm motion. This  i s  not  surpr i s ing  because  it was predic ted  by and 
accoun ted  fo r  by the  mechanism of the postulated model; i n  f a c t ,  t h i s  
time delay that  v a r i e s  between 100 and 200 m s ,  depending on the  appl ied  
load, corresponds t o  the isometr ic  per iod discussed i n  Chapter 111 and 
i l l u s t r a t e d  by F i g s .  4 and 5.  Some i n t e r f e r e n c e  of the  s t imulus  wi th  
the t r a c e s  of F ig .  15 can  be observed.  These traces appea r  t h i cke r  when 
the s t imulus is present  and have the  helpful ,  a l though unplanned,  effect  
of i l l u s t r a t i n g  i ts  dura t ion .  
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Both Figs. 14 and 15 a l s o  i n d i c a t e  a time de lay  between t h e  end of 
ac t iva t ion  and  the  beginning of r e l axa t ion  of the muscles .  This  delay 
i s  about 60 m s .  A s  soon as re laxa t ion  begins ,  the muscle torque can no 
longer match the appl ied  ex terna l  load  which  then  br ings  the forearm back 
toward its o r i g i n a l  p o s i t i o n  u n t i l  the t ransducer  comes t o  rest aga ins t  
t he  mechanical stop. Some bouncing  of the arm/transducer system against  
t he  s top  occurs ,  as can be observed a t  the end of t he  traces of F ig .  15. 
Indeed, the  only data of interest i n  t h i s  i n v e s t i g a t i o n  are those  co l l ec -  
t e d  p r i o r  t o  r e l a x a t i o n .  F i g u r e  15 shows t r a c e s  fo r  va r ious  loads  and 
i n d i c a t e s  t ha t  the i sometr ic  tens ion  w a s  no t  high enough t o  move the 
l a rges t  app l i ed  load  of 7 f t - l b .  P r i o r  t o  r e a c h i n g  a p la teau ,  some 
"peaking" of the time h i s t o r i e s  f o r  t he  lower loads also can be observed. 
This  implies  a h igher  order  h ighly  damped oscil latory motion, however,  
which is  a t t r i b u t e d  t o  the  dynamic response of t h e  metallic t ransducer .  
This e f f e c t ,  t h e r e f o r e ,  w i l l  not  be accounted for  in  the developed model 
f o r  the muscles. 
'Refer t o  the c o n t r o l  l o g i c  of F ig .  7 where con t inuous  co r rec t ions  to  
the  load TM are made accord ing  to  t h e  forearm  angular  posit ion  and 
acce le ra t ion .  
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". "_. 
As discussed earlier, t h e  elements comprising the pos tu la ted  model 
are e spec ted  to  be  non l inea r  which suggests  analysis  of t h e  d a t a  i n  t he  
phase plane.  Typical phase-plane displays of t h e  d a t a  f o r  two d i f f e r e n t  
loads are i l l u s t r a t e d  i n  Fig.  16.  By the  d e f i n i t i o n  of "phase  plane, I' 
t hese  are p l o t s  of the  coord i -  
na t e  vs  i t s  f i r s t  d e r i v a t i v e ,  
namely €IL v s  8,. Under  
i so ton ic   cond i t ions  ic = iL, 
and the  o rd ina te  can  a l so  be 
labe led  iC because  the  pur- 
pose of t he  i so ton ic  expe r i -  
ments i s  p rec i se ly  t o  relate 
iC, e, and TA mathemati- 
c a l l y  t o  c h a r a c t e r i z e  t h e  
c o n t r a c t i l e  e l e m e n t ,  t h a t  is, 
t o  d e f i n e  e x p l i c i t l y  the func- 
t ion   g2(  0 )  of Eq.  (2.71, 
eL (0.131 rad/cm) - 
Duration:  1280 m s  
Amplitude: 8.0 mA 
Frequency : 6O/sec 
Pulsewidth: 0.5 m s  
= ~ ~ ( T A Y  0,) 
Fig .  16.  & vs eL; TM = 3,s 
FT-LB AT e = eo. 
I t  will be shovm i n  the fo l lowing  chapter  how phase-plane displays of 
t h e  d a t a ,  similar t o  t h o s e  of Fig.  16,  
t e r i z i n g  t h e  c o n t r a c t i l e  element. 
B. Isometric  Torque 
The information recorded from the 
t y p i c a l l y   i l l u s t r a t e d  by Fig .   17 .  The 
of the developeh isometr ic  torque 
the  forearm 8 that  is, f o r   v a r i o u s  
TA 
L' 
will form the b a s i s  f o r  c h a r a c -  
set  of isometric experiments i s  
data c o n s i s t  of time h i s t o r i e s  
for var ious  angular  pos i t ions  of 
muscle  lengths.  Because  no mo- 
t i o n  of the arm is involved i n  these experiments, they are considerably 
easier to  conduct  and the  r e su l t s  ob ta ined  can  be amazingly consistent 
and repea tab le .  F igure  17  is a c t u a l l y  a photograph of f o u r  t r a c e s  re- 
su l t i ng  f rom four  consecu t ive  trials t h a t  were recorded 02 a n  o s c i l l o -  
scope i n  the s to rage  mode, and the traces were t r igge red  by the s t imulus .  
An a lmost  per fec t  over lap  of t h e s e  time h is tor ies  can  be  observed .  
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The s t imu lus  du ra t ion  fo r  the trials was 500 m s  and, again, it can 
be observed that the s t imulus leads the muscle torque by a s h o r t  time 
delay (20 m s ) ;  indeed, t h i s  de- 
l a y  need not equal the one pre- 
ceding  the  start of motion i n  
t he  i so tonic   exper iments .  In  
the i so ton ic  case ,  t he  length  
of the  de lay  is the time re-  
q u i r e d  f o r  the developed muscle 
t o r q u e  t o  e q u a l  the appl ied  
load and, therefore,   depends on 
the va lue  of the  appl ied load;  
t(0. I sec/cm)- i n  the  i sometr ic  data, the de- 
Duration: 500 m s  l a y  p r e c e d i n g  t h e  s t a r t  of mus- 
Amplitude : 8 .O mA cle- torque  b i ldup is due   so le ly  
Frequency : 60/sec 
Pulsewidth: 0.5 m s  
F ig .  17. TA V S  t; 8~ = 30'. 
(Four  repe t i t ions)  
t o   p h y s i o l o g i c a l   f a c t o r s .  The 
delay observed between t h e  end 
of st imulation and muscle relax- 
ation,  howeverj  should be the  
same i n  both t h e  i so ton ic  and i sometr ic  trials because i t  depends only 
on phys io log ica l  f ac to r s .  T h i s  appears  t o  be the case because,  again,  
the  end of the  per iod  of s t imula t ion  leads  the beginning of muscle re- 
l axa t ion  by about 60 m s .  
For var ious  forearm angular  pos i t ions ,  the information obtained 
from time histories (similar t o  the  one i n  F ig .  17) permit ted BL and 
TA to  be  ma themat i ca l ly  r e l a t ed  and, t h e r e f o r e ,  c h a r a c t e r i z e s  t he  func- 
t i o n   e ( . )   i n  Eq. (3.5): 
This ,  i n  tu rn ,  will al low the  c h a r a c t e r i z a t i o n  of t h e  series e l a s t i c  
element, as discussed in  Chapter  111. 
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C .  Data Se t s  
This  sec t ion  is d e v o t e d  e n t i r e l y  t o  t h e  p r e s e n t a t i o n  of some of t h e  
o r i g i n a l  d a t a ,  as co l lec ted  d i rec t ly  f rom the  exper iments .  A l l  t h e  f i g -  
ures  are  photographs of the raw data  d isp layed  on an osc i l l o scope  d i r ec t -  
l y  from the analog magnetic tape on which they were recorded. 
Compatible data sets f o r  t h r e e  s e p a r a t e  s u b j e c t s  are presented.  
They are i n  the form of the data presented i n  the  preceding  sec t ion ,  
w i th   t he   add i t ion  of some angu la r   ve loc i ty  8, time h i s t o r i e s ;  t h a t  is, 
each set comprises some  of t he  r e su l t s  f rom bo th  the  i so ton ic  and i so -  
metr ic  experiments .  Figures  18 t o  22 present  a por t ion  of t h e  d a t a  c o l -  
l ec t ed  on sub jec t  1, F i g s .  23 t o  27 on sub jec t  2, and F i g s .  2 8  t o  30 on 
sub jec t  3 .  
-
t (0.2 sec/crnI- 
Duration: 1300 m s  
Amplitude: 8.0 mA 
Frequency : 75 
Pulsewidth: 0.8 m s  
F ig .  18. ic AND eL vs t; 
TM = o .I FT-LB AT e = eo. 
Duration: 1300 m s  
Amplitude : 8 .O mA 
Frequency : 75 
Pulsewidth: 0.8 m s  
F ig .  19. eL vs t; TM = 0 . 1 ~ 2 ,  
3,4,5,6 FT-LB AT e = eo .  
8, (0.131 rod/cm) - 
Duration: 1300 ms Duration: 1300 m s  
Amplitude : 8 .O mA . Amplitude: 8.0 mA 
Frequency : 75 Frequency : 75 
Pulsewidth: 0.8 m s  Pulsewidth: 0.8 m s  
F ig .  20. 6~ VS BL; TM = 0.1 F ig .  21. & V S  8 ~ ;  TM = 0.1,2, 
FT-LB  A  0 = 8 0 .  4,5,6 FT-LB AT e = e o .  
5 4  
" . . 
a .  e = 20" L d. BL = 35" 
b. BL = 50" e .  e = 65" L 
Durat ion:  500 ms 
Amplitude: 8 mA 
Frequency : 75 
Pulsewidth: 0.8 ms 
Fig .  22. TA VS t; 8~ = 20°,  
35",   50° ,   65" ,  80" .  
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Duration: 1300 m s  
Amplitude: 8 mA 
Frequency : 60 
Pulsewidth:  0.5 m s  
Duration: 1300 m s  
Amplitude: 8 mA 
Frequency : 60 
Pulsewidth:  0.5 m s  
F i g .  23. Gc AND eL vs t; Fig.   24.  & AND eL vs t; TM = 
% = 0.1 FT-LB AT e = eo .  0.1~2~3 FT-LB AT e = eo. 
Duration: 1300 m s  
Amplitude: 8 mA 
Frequency : 60 
Pulsewidth: 0.5 m s  
Duration: 1300 m s  
Amplitude: 8 mA 
Frequency : 60 
Pulsewidth: 0.5 m s  
F i g .  25. BL VS t; TM = 0.1,2,3,   Fig.   26.  6c VS 8L; TM = O.1 , zJ  
4,5 FT-LB AT e = eo. 3 FT-LB AT e = eo. 
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a. 8 = 5 "  d. = 20° L 
b. eL = 35" e. QL = 50" 
t (0.1 sec/cm) - t (0.1 sec/cm)- 
c. e = 650 f. e = so0 
L L 
Duration: 500 ms Frequency : 60 
Amplitude : 8.0 mA Pulsewidth : 0.5 ms 
Fig. 27. TA 
vs t; e = 5 O ,  20° ,  35",  so", a " ,  80". 
L 
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t (0.2 sec/cm) - 
Duration: 1300 ms 
Amplitude: 7.5 mA 
Frequency : 75 
Pulsewidth: 0.8 ms 
Fig. 28. & AND eL ,VS t; 
TM = 2 FT-LB AT e = eo.  
8L (0.143 rad /cm)  -c 
Duration : 1300 ms 
Amplitude : 7.5 mA 
Frequency : 75 
Pulsewidth: 0.8 ms 
Fig. 29. hC vs eL; T~ = 2 , 3 , 5 ,  
6 FT-LB AT e = eo .  
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I -  
b. e = 50' L 
d. 0 = 20" L 
e .  OL = 65" 
Duration: 500 ms 
Amplitude: 7.5 mA 
Frequency : 75 
Pulsewidth: 0 . 8  ms 
Fig. 30. TA VS t; eL = 5O, 
20°, 50°,  65", 80". 
C .  eL = so0 
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Chapter  V I  
CHARACTERIZATION OF EQUATIONS  FROM  EXPERIMENTAL  DATA 
The c h r o n o l o g i c a l  s t e p s  t a k e n  i n  t h i s  i n v e s t i g a t i o n  a n d  p r e s e n t e d  
i n  t he  p reced ing  chap te r s  can  be summarized as follows: 
(1) p o s t u l a t i o n  of a dynamical mechanism as a m o d e l  f o r  human 
ske le t a l  musc le  
(2)  mathematical  descr ipt ion of t h e  m o d e l  by equa t ions  in  gen- 
e ra l  forms involving undetermined functions and parameters 
(3) formula t ion  of exper iments   tha t  would p e r m i t  t h e  i d e n t i f i -  
cation of t h e  unknown funct ions  and  parameters  in  the  
equat ions  
( 4 )  experimental   procedures   and  col lect ion of data  f o r  t h e  
e x p l i c i t  c h a r a c t e r i z a t i o n  of the undetermined funct ions 
and parameters 
To obta in  a complete mathematical m o d e l  f o r  t h e  dynamics of the muscles 
s tud ied ,  t he  r ema in ing  s t ep  i s  t o  make use of t h e  d a t a  collected t o  char -  
a c t e r i z e   f u l l y   t h e  unknown f u n c t i o n s  g , ( . )  and g 2 ( . )  of t h e  model  and 
t o  determine the parameters comprised by them. 
A .  The Funct ions  and  Parameters   Character iz ing  the  Contract i le   Element  
The equat ion of concern here is 
and the experiments  formulated t o  cha rac t e r i ze  the  symbol i c  func t ion  were 
those  conducted  under  i so tonic  condi t ions .  The approach  taken t o  e x p l i c -  
i t l y  describe Eq. (2.7) from t h e  data collected i s  empir ical ;  the purpose 
w a s  t o  determine a genera l  c lass  of c u r v e s  t h a t  would best f i t   t h e  exper- 
imental  da ta .  The analog data w a s  d i g i t i z e d  on a LINC-8 computer  and 
d isp layed  on an oscil loscope, which provided great f l e x i b i l i t y  i n  manip- 
u l a t i n g  t h e  data i n  t h e  s e a r c h  f o r  c u r v e s  that  would best describe t h e  
r e su l t s .   I n   con junc t ion   w i th   t he   d ig i t a l -d i sp l ay   approach ,   t he  data f o r  
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iC and QL were p l o t t e d  on l i n e a r  and  semilog  and  log-log scales. 
This  method,  successful ly  used by Zajac [Ref. 41 t o  i n t e r p r e t  d a t a  f r o m  
ca t  musc les ,  d id  not  provide  very  good r e s u l t s  f o r  t h e  f o r e a r m  f l e x o r s .  
In par t icu lar ,  the  func t ions  der ived  f rom log- log  p lo ts  as used by Zajac, 
a l though provid ing  great g e n e r a l i t y ,  f a i l e d  t o  d e s c r i b e  t h e  d a t a  i n  t h e  
neighborhood of muscular equilibrium where very large d e c e l e r a t i o n s  were 
obse rved .  Th i s  r ap id  change  in  musc le  ve loc i ty  p r io r  t o  coming t o  rest, 
however,  provided the c l u e  t o  t h e  d i s c o v e r y  of a class of c u r v e s  t h a t  
were found t o   b e s t   d e s c r i b e   t h e   v e l o c i t y - l e n g t h   f u n c t i o n  g (T 8 ).  2 A’ L 
1. General Form of the  Velocity-Length  Function  g2 (.  ) 
Display of t h e  d a t a  c o l l e c t e d  f r o m  the i so tonic  exper iments  
in to  phase-p lane  p lo ts ,  as those  of F ig .  16 ,  p rovided  the  basis f o r  c h a r -  
a c t e r i z i n g  t h e  v e l o c i t y - l e n g t h  f u n c t i o n .  I t  was observed   tha t   the   a rches  
of t h e  p l o t s  were e l l i p t i c a l ;  d i s t a n c e s  f r o m  the c e n t e r  of e l l i p s e s  t o  
t h e i r  m a j o r  and  minor v e r t i c e s  (a and  b, r e spec t ive ly )  cou ld  be  se l ec t ed ,  
as well as t r a n s l a t i o n s  of t h e  e l l i p s e s  a l o n g  t h e i r  m a j o r  axes s o  as t o  
match  the  phase-plane  plots.   Indeed,  only  the  portion of the e l l i p s e s  
t h a t  l ies i n  the upper-r ight  quadrant  of t h e  c o o r d i n a t e  sys t em is of con- 
c e r n .  
This development can be be t te r  unders tood  by beginning with 
the  gene ra l  equa t ion  fo r  a n  e l l i p s e ,  i n  terms of t h e  f a m i l i a r  c o o r d i n a t e s  
x and y ;  
where a and b are i t s  semimajor  and  semiminor axes lengths ,   respec-  
t i v e l y .   I f   t h e   c e n t e r  of t h e   e l l i p s e  i s  t ranslated a d i s t a n c e  T a long  
the a b s c i s s a  as shown i n  F ig .  31a, the  equa t ion  i n  the  upper-half  plane 
bec omes 
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Y 
1/ 2 
a .  y = b [l - t+)2] 
Fig .  31.  ELLIPTICAL  DESCRIPTION OF ISOTONIC DATA. 
Because  a, by and T a r e   s e l e c t e d   t o  have e l l i p s e s  match  the  phase 
planes  corresponding  to  various muscle  torques TAy these  parameters 
63 
I 
can be expressed as f u n c t i o n s  of TA and E q .  (6.2) then  can be w r i t t e n  
as 
where x and y of E q .  (6.1) have  been  replaced by t h e   c o o r d i n a t e s  
and 8,, and a, b, T by the  funct ions  j (TA),   h(TA),   and g(TA),  
r e s p e c t i v e l y .  The a s s o c i a t i o n  of t hese  func t ions  wi th  the  phase  p l anes  
is i l l u s t r a t e d  by Fig.   31b.  From E q .  (6.3), t h e   v e l o c i t y - l e n g t h   f u n c t i o n ,  
in  turn,  can be expressed as 
eL 
The above  method of desc r ib ing   t he   func t ions   j (TA) ,   h (TA) ,  
and  g(TA) would be   equ iva len t   t o   cons ide r ing  a n o m i n a l   e l l i p t i c a l   a r c h  
and   resca l ing  i t  about i t s  major ax i s   acco rd ing   t o   j (TA)   and   abou t  i t s  
minor   ax is   accord ing  t o  h(T ) a f t e r  h a v i n g   s h i f t e d   t h e   e l l i p s e  by 
g (TA) .   Th i s   i n t e rp re t a t ion  led t o  t h e   d e s c r i p t i o n   o f  R(TA) as t h e  
pos i t ion-ga in   func t ion ,   h (T ) as the  veloci ty-gain  funct ion,   and  g(TA) 
as t h e  t r a n s l a t i o n a l  f u n c t i o n .  T h e s e  f u n c t i o n s  w i l l  be  cha rac t e r i zed  
e x p l i c i t l y  i n  t h e  f o l l o w i n g  s e c t i o n s .  
A 
A 
2.  Charac te r iza t ion  of the  Posi t ion-Gain  Funct ion ~ ( T A )  
A s  discussed previously and indicated on F i g s .  4 and 5 ,  t h e  
i n i t i a l  p o r t i o n  of t h e  d a t a  i n  a l l  i s o t o n i c  t r ia ls  cannot  accura te ly  
r ep resen t  t he  dynamic behavior  of the  pos tu la ted  m o d e l  because the pos- 
t u l a t e d  mechanism impl ies  a nonzero  ve loc i ty  of the  forearm a t  t h e  o n s e t  
of i so tonic  mot ion ,  tha t  is, when motion of the  forearm is f irst  observed. 
For t h i s  r e a s o n ,  o n l y  t h e  l a t t e r  p a r t s  of the phase-plane curves were 
u s e d  i n  e x t r a c t i n g  t h e  data and, when necessary,  they were e x t r a p o l a t e d  
back t o  t h e  i n i t i a l  r e g i o n s  of l a rge r  muscu la r  l eng ths  t o  appear  as i n  
F i g .  31b, t h a t  is, wi th  iC > 0 a t  8 = 0 .  L 
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The posi t ion-gain funct ion w a s  de r ived  f rom the  da t a  by 
t a b u l a t i n g  t h e  d i s t a n c e s  from t h e  center of t h e  e x t r a p o l a t e d  e l l i p s e s  
(phase   p lanes)  t o  t h e i r  major v e r t i c e s   ( t h o s e  on t h e  eL axis )   and  
the   co r re spond ing   f l exor   t o rque  TA. This   information is g iven   in   Table  
3 for t h r e e  i n d i v i d u a l  s u b j e c t s .  C u r v e  f i t t i n g  t h e s e  d a t a  w a s  at tempted 
Table 3 
THE  TRANSLATIONAL,  POSITION-GAINy AND VELOCITY-GAIN  FUNCTIONS 
TA a t  
e = eo 
( f t - l b )  
0.1 
2.0 
3 .O 
4.0 
5 . O  
6 .O  
~- ~ . ~~ 
Subject  1 
g(TA) ~ ( T A )   ~ ( T A )  
( r ad )   ( r ad  1 ( r a d / s e c )  
~ ~~ 
0.524 0.576 2.22 
0.401 0.420 1.50 
0.345 0.399 1.31 
0.305 0.367 1.08 
0.236 0.275 0.94 
0.197 0.199 0.78 
___"_ ~ . ~ .  
- 
Subject  2 
0.366 0.418 1.8 
0.288 0.302 1.2 
0.196 0.236 0.96 
"_ "- "_ 
0.106 0.107 0.64 
"- "- "_ 
Subject 3 
"- -"  "- 
0.372. 0.486 1.86 
0.300 0.472 1.59 
0.214 0.428 1.11 
0.184 0.310 0.84 
by d i s p l a y i n g  t h e  p o i n t s  on l inear  semi log  and  log- log  p lo ts .  F igure  32 
i l l u s t r a t e s  t h e  l i n e a r  f i t  a d o p t e d  and defined by the parameters  of  
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Fig .  32 .  POSITION-GAIN  FUNCTION. 
The va lues  for c and n a r e   c o n s t a n t s   f o r   e a c h   i n d i v i d u a l  and are 
given i n  Table 4 f o r  f i v e  s u b j e c t s .  I t  is  i m p o r t a n t  t o  n o t e  t h a t  t h e  
v a l u e s  f o r  TA i n  Table 3 a p p l y  s t r i c t l y  f o r  t h e  f l e x o r  m u s c l e s  a t  
t h e i r  normal r e s t i n g   l e n g t h s ,  0 = eo; t he re f   o re ,   be fo re   p lo t t i ng ,  
these   va lues  must  be ad jus ted   accord ing   to   l /h5(BL) .   This  i s  neces- 
sary i f  i t  i s  reca l led   tha t   musc le   t ens ion  P, and not  muscle  torque 
TA 
was maintained  constant   throughout   the arm motions.  To account 
f o r  t h i s ,  t h e  e x t e r n a l  l o a d  a p p l i e d  t o  t h e  f o r e a r m  was c o n t r o l l e d  t o  
e f f e c t i v e l y   a d j u s t  TA accord ing   t o   t he   func t ion   l / h5 (BL) .  
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Table 4 
PP ‘AMETERS FOR THE CONTRACTIm-ELEMENT  EQUATION 
T 
Equation 
Parameters 
U 
(Usee) 
a 
b 
C 
m 
( l / f  t - lb  1 
h 
( l / f t - l b )  
1 
2.34 
0.166 
0.550 
0.605 
0.0531 
0.0615 
2 
1.97 
0.210 
0.400 
0.445 
0.0543 
0.0610 
Subject 
3 
2.88 
0.173 
0.512 
0.640 
0.0541 
0.049 
4 
2.80 
0.167 
0.510 
0.535 
0.081 
0.0776 
3 .  Charac t e r i za t ion  of t h e  V e l o c i t y - G a i n  Function 
The procedure here i s  similar t o  t h e  one used t o  c h a r a c t e r i z e  
the  pos i t ion-ga in  func t ion .  The d i s t ances  f rom the  cen te r  of t h e  e l l i p s e s  
to t h e i r  m i n o r  v e r t i c e s  and the   cor responding   f lexor   to rque  TA are tab- 
u l a t e d  f o r  t h e  v a r i o u s  t r ia l s .  In t h i s  c a s e ,  t h e  b e s t  f i t  of t h e  d a t a  w a s  
ob ta ined  by p l o t t i n g   h ( T  ) v s  the   ad jus t ed   t o rque  
A TA on semilog  scales  
(Fig.   33) .  The r e s u l t i n g   c h a r a c t e r i s t i c   e q u a t i o n  i s  
2.40 
0.214 
0.505 
0.635 
0.0457 
0.0740 
loglo  h(T ) = -0.434  aT + loglo U 
A A 
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Fig .  33. VELOCITY-GAIN  FUNCTION. 
or 
-aT 
h(T = U e A 
A (6.7) 
Again, t h e  t a b u l a t i o n  of t h e  data and of t h e  r e s u l t i n g  parameters are 
g iven  in  Tables  3 and 4, r e s p e c t i v e l y .  
4.  Charac te r iza t ion  of the   T rans l a t iona l   Func t ion  g(TA) 
~~ ~ ~- ~~ ~~ ~~~ ~~ 
The d a t a  of i n t e r e s t  i n  t h i s  c h a r a c t e r i z a t i o n  are t h e  t r a n s l a -  
t i o n  of t he  phase  p l anes  a long  the  absc i s sa  for var ious  loads ;  t he re fo re ,  
t h e  d a t a  r e p r e s e n t i n g  t h e  d i s t a n c e s  b e t w e e n  t h e  c e n t e r  of t h e  e l l i p s e s  
(phase  p lanes)  and  the  or ig in  of the  coord ina te  sys tem were t a b u l a t e d  v s  
muscular  torque in  Table  3. A l i n e a r  f i t  of t h e s e  d a t a  is shown by F ig .  
34 and descr ibed by 
g(TA) = b - mT A 
68 
(6.8) 
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F i g .  34. TRANSLATIONAL  FUNCTION. 
The va lues  of b and m a re   g iven  i n  Table 4 for f i v e   i n d i v i d u a l s .  
The r e s u l t s  of Sect ion A of t h i s  c h a p t e r  now enable  E q .  (2.7) 
t o   b e   e x p l i c i t l y   d e s c r i b e d .  In p a r t i c u l a r ,   s u b s t i t u t i o n  of E q s .  ( 6 . 5 ) ,  
(6.7), and (6.8) i n t o  E q .  ( 6 . 3 )  yie lds  the  comple te  mathemat ica l  model 
descr ibing  the  dynamic  behavior  of t h e  c o n t r a c t i l e  e l e m e n t .  The devel-  
opment of th i s  mathemat ica l  model comprised a major  goal  of t h i s  r e s e a r c h  
and i s  given as 
6 9  
B.  The Funct ions  and  Parameters   Character iz ing  the  Ser ies   Elast ic  __ 
Elemen t  
The purpose of t h i s  s e c t i o n  is  t o  e x p l i c i t l y  d e s c r i b e  Eq. (2.6) 
which  represents  the  dynamic behavior  of t he  series e l a s t i c  e l e m e n t ,  
To t h i s  end ,  t he  r e su l t s  of both the isometr ic  and isotonic  experiments  
w i l l  be  used i n  conjunct ion.   Information w i l l  be ex t rac ted  f rom the  
i somet r i c  da t a  and  combined wi th  tha t  ob ta ined  f rom the  i so tonic  da ta  
of t h e  p r e c e d i n g  s e c t i o n s  t o  c h a r a c t e r i z e  E q .  (2 .6) .  
1. The Torque-Length  Function r(TA) 
The results of the  i somet r ic  exper iments  cons is ted  of t i m e  
h i s t o r i e s  ( i l l u s t r a t e d  i n  Chapter V )  of developed muscular torque as a 
func t ion  of muscle length or forearm angular  posi t ion.  Table  5 is 
t abu la t ion  of t he  maximum torque  developed TA ( s t e a d y   s t a t e )   f o r  
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Table 5 
THE TORQUE-LENGTH FUNCTION 
e = r ( T  L A 
e L  
(rad ) 
.0873 
.3491 
.6109 
.8727 
1.1345 
1.3963 
Subject  1 
-
”- 
14 .OS 
11.52 
10.08 
8.28 
6.12 
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TA 
(f t - l b )  
Subject  2 
_____ 
12.60 
10.48 
8.40 
6.72 
5.04 
2.52 
- 
Subject  3 
13.84 
11.84 
10.44 
9.36 
6.12 
5.04 
a 
var ious   fo rea rm  pos i t i ons .  The approach   taken   to  relate TA and eL 
mathemat ica l ly  to  deve lop  the  torque- length  func t ion  is  t h e  same as t h a t  
u sed  to  cha rac t e r i ze  the  pos i t i on -ga in ,  ve loc i ty -ga in ,  and t r a n s l a t i o n a l  
func t ions .  F igu re  35 i n d i c a t e s  a l i n e a r  f i t  of t h e  d a t a ,  g i v i n g  rise t o  
the  fo l lowing  to rque - l eng th  func t ion  fo r  s t eady- s t a t e  cond i t ions ,  
e = r ( T ) = d -  
L A kTA 
The parameters k and d assume c o n s t a n t   v a l u e s   f o r   e a c h   i n d i v i d u a l  
and are given in  Table  6 .  
0.8 
U e 0 SUBJECT N 
Fig .  35. TORQUE-LENGTH  FUNCTION. 
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Table 6 
PARAMETERS FOR THE  TORQUE-LENGTH  FUNCTION 
8 = d -  L kTA 
I Sub j ec t Equation I I 
Parameters 
I I 
k 
( l / f t - l b )  
0.134 0.147 0.130 
d 2.13 1.75 2.21 
2 .   In t eg ra t ion  of the   Veloc i ty-Length   Funct ion   g2( - )  
The mathematical m o d e l  f o r  t h e  c o n t r a c t i l e  e l e m e n t ,  as repre-  
sen ted  by Eq. (6 .9) ,   comprises   three  dependent   var iables ,  e,(t),  e L ( t ) ,  
and  TA(t).  I t  i s  not   convenient ,   therefore ,  t o  s o l v e   t h i s   e q u a t i o n  by 
d i r ec t  i n t e g r a t i o n  i n  its p resen t  form; however,  by  making u s e  of Eq. 
(6.10), t h e  number of dependent  var iab les  can  be reduced t o  t w o  by elim- 
i n a t i n g   e i t h e r  eL or TA. The r e s u l t i n g  mathematical m o d e l  then w i l l  
lend itself more e a s i l y  t o  i n t e g r a t i o n  by conventional  means.  If eL 
is e l imina ted  from Eq. (6 .9) ,  t h e  c o n t r a c t i l e - e l e m e n t  v e l o c i t y  c a n  be 
expressed  so le ly  as a func t ion  of muscle torque and can be represented  
as 
e, = g3 c r A )  
where 
(6.11) 
subject t o  t h e   c o n s t r a i n t   g i v e n  by (6.10).  I n t e g r a t i o n  of (6.11) then  
y i e l d s  
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r 
(6.13) 
3. Deriva t ion  of the  Ser ies-Elast ic-Element   Equat ion - - - .~ 
The d e s c r i p t i o n  of t h e  series elastic element in symbolic form 
by Eq. (2.6) now can be represented by a comple t e  and  exp l i c i t  cha rac t e r -  
i z a t i o n  f o r  s t e a d y - s t a t e  t o r q u e  c o n d i t i o n s .  T h i s  is accomplished by mak- 
i n g  u s e  of the resul ts  developed above,  namely,  those given by Eqs. 
(6 .13 ) ,   (6 .12 ) ,   and   (6 .10 ) .   Subs t i t u t ing   t hese   r e su l t s   i n to  Eq. (2.6) 
g i v e s  
(6.14) 
w i t h  t h e  c o n s t r a i n t  
0 = d - k T  L A (6 . lo )  
where g 3 ( T A )  and r(TA) were def ined  by Eqs.  (6.12)  and  (6.10), re- 
s p e c t i v e l y .  
Equat ion (6.14) ,  theref  ore ,  represents  the mathematical  model 
for t h e  series e l a s t i c  element.  Combined w i t h  Eq.  (6.91, it summarizes 
t h e  r e s u l t s  of th i s  s tudy  because  toge ther  they  represent  the  comple te  
c h a r a c t e r i z a t i o n  of the dynamics of human s k e l e t a l  m u s c l e  s o u g h t  i n  t h i s  
i n v e s t i g a t i o n .  
C .  Rela t ionships   be tween  the   Funct ions   Charac te r iz ing  the C o n t r a c t i l e  
and  Ser ies  Elast ic  Elements 
From t h e  d e f i n i t i o n s  of t he  t r ans l a t iona l ,  pos i t i on -ga in ,  and  to rque -  
l e n g t h  f u n c t i o n s ,  i t  is  important t o  n o t e  t h e  v e r y  d e f i n i t e  r e l a t i o n s h i p  
e x i s t i n g  between them: 
(6.15) 
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This  can be  observed by r e f e r r i n g  t o  F i g .  31b,  where the  labe l  g(TA)  + 
j (T ) i nd ica t e s  t he  fo rea rm pos i t i on  a t  which  equilibrium  occurs.  A t  
t h i s  equ i l ib r ium pos i t i on ,  t he  musc le  is c l e a r l y  isometric and the ap- 
p l i ed  load  (by e l e c t r i c  m o t o r )  d u p l i c a t e s  t h e  r e s i s t a n c e  o f f e r e d  by t h e  
mechanical device (metal p in )  r e s t r a in ing  the  mot ion  of t h e  metallic arm 
i n  the  isometr ic   experiments .  A s  a result, the   re la t ionship   be tween 
muscle  length  (forearm  posit ion)  and  muscle  torque 8 = r (T i n  t h e  
isometric  experiments  and 8 = g(T + j ( T  when equi l ibr ium is L A A 
reached i n  the isotonic  experiments  must  be the same. By making  use of 
Eqs.   (6.51,  (6.8),   and  (6.101,  the  relationship  (6.15)  can  be r e w r i t t e n  
as 
A 
L A 
(c - nTA) + (b - mTA) = d - kTA 
and it fo l lows  tha t  
b + c = d  (6.16) 
and 
m + n = k  (6.17) 
Relat ionships  (6 .16)  and (6.17)  provide useful  checks for  the experimen- 
t a l  d a t a  and fo r  t he  numer i ca l  va lues  of the  parameters  en ter ing  the  
mathematical model. 
The maximum muscle  torque  for  a given forearm posit ion can be ob- 
ta ined  f rom the  cons t ra in t  equat ion  (6.10) which relates s t eady- s t a t e  
to rque  to  forearm f lex ion ,  as 
d - eL 
TA 
-  
k (6.18) max 
and i t  now can  be  observed  from  Eqs.  (6.161,  (6.17),  and  (6.18)  that an  
equ iva len t  cons t r a in t  equa t ion  fo r  maximum muscle  force  a l so  can  be ob- 
ta ined  f rom the  resu l t s  of the  i so tonic  exper iments ,  namely 
(b + C )  - 8, 
TA 
L -  
max m + n  
74 
(6.19) 
A s  d i s c u s s e d  i n  t h e  f o l l o w i n g  c h a p t e r ,  t h e s e  c o n s t r a i n t s  show t h e  
dependency of maximum muscle  force  on muscle length and must be taken 
i n t o  cons idera t ion  when s tudy ing  the  vo lun ta ry  con t ro l  of movement. 
D .  Summary 
1. Model of t h e   C o n t r a c t i l e  Element 
The c o n t r a c t i l e  e l e m e n t  was c h a r a c t e r i z e d  by obse rv ing  tha t  
phase-p lane  d isp lays  of t h e  i s o t o n i c  d a t a  had e l l i p t i c a l  s h a p e s ;  t h a t  
is, t h e  d a t a  c o u l d  be made t o  f i t  e l l i p ses  sca l ed  a long  bo th  their ma-  
jor and  minor axes and  t r ans l a t ed  abou t  t he  abscissa. I n  p a r t i c u l a r ,  
the  phase  p lanes  could  be represented by t h e  f o l l o w i n g  e l l i p t i c a l  e q u a -  
t i o n  : 
The r ight-hand  s ide of th i s   equa t ion ,   denoted  by g (T , 0  ) i n  the 
development, i s  r e f e r r e d  t o  as the   ve loc i ty - l eng th   func t ion .  The func- 
t ions   a (TA)   and   h(T ) are t h e   s c a l i n g   v a r i a b l e s   a b o u t   h e  major and 
minor  axes  of  the  e l l ipses ,  respec t ive ly ,  and  are r e f e r r e d  t o  a c c o r d i n g l y  
as the   pos i t ion-ga in   and   ve loc i ty-ga in   func t ions .  The t r a n s l a t i o n a l  
func t ion   g (TA)   r ep resen t s   t he   d i sp l acemen t s  of t h e   e l l i p s e s   a l o n g   t h e  
abscissa. The functions  a(TA)  and  g(TA) were charac te r ized  by p l o t -  
t i n g  t h e  data on l i n e a r  scales, w h i l e  a semilog scale w a s  used to  deter- 
mine  h(TA). They are represented  mathematical ly  as 
2 A L  
A 
a (TA) = c - nTA 
-aTA 
h(T ) = U e A (6.7) 
g(TA) = b - mT A (6 - 8 )  
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where a, b, c, m, n,  and U assume c o n s t a n t   v a l u e s   f o r   e a c h  
ind iv idua l  and are given in  Table  4.  The f i n a l  model for t he  con t r ac -  
t i l e  element i s  
2 .  Model of the   Ser ies   E las t ic   E lement  
The series e l a s t i c  e l e m e n t  w a s  cha rac t e r i zed  by making use of 
the  model o b t a i n e d  f o r  t h e  c o n t r a c t i l e  e l e m e n t  and by e x t r a c t i n g  t h e  
s teady-s ta te  to rque- length  func t ion  r(TA) from the data of t he  - i s o -  
metr ic   experiments .  A l i n e a r  f i t  of t he  data descr ibed  the  torque-  
l eng th  func t ion  as 
8 = r ( T )  = d  - L A kTA (6 .10)  
Th i s  r e l a t ionsh ip  pe rmi t t ed  the  so lu t ion  of Eq. (6.9) by e l i m -  
i n a t i n g  BLJ thus   reducing   the  number of dependent   var iables   in   (6 .9)  
t o  two. The r e s u l t i n g   s o l u t i o n   f o r  QC w a s  represented  as 
(6.13) 
and t h e  f i n a l  m o d e l  f o r  t h e  c o n t r a c t i l e  e l e m e n t  was of the  fo l lowing  form:  
t 
BC - eL = 1 g3(TA) d t  - r (TA)  (6.14) 
s u b j e c t   o   t h e   c o n s t r a i n t   g i v e n  by Eq. (6.10)  where  gg(TA)  and r(TA) 
were def ined  by Eq . (6.12) and (6. l o ) ,  r e spec t ive ly ,  and va lues  assumed 
by the  parameters  d and  k f o r   t h r e e   i n d i v i d u a l   s u b j e c t s  were provid- 
ed by Table 6 .  
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The fo l lowing  re la t ionsh ips  be tween  parameters  ident i f i ed  from 
t h e  isometric and i sotonic  experiments  were 
b + c = d  (6.16)  
and 
m + n = k  (6.17) 
Constraints showing the dependency of maximum muscle force on muscle 
length  are  observed from both  the  isometric and i sotonic  experiments  and 
g i v e n ,   r e s p e c t i v e l y ,  by 
d - 8- L 
TA 
-  
m a x  k 
and 
(b + C )  - 8, 
TA 
L1 -  
m a x  m + n  
(6.18) 
(6.19) 
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Chapter V I 1  
DISCUSSION 
I 
This  chap te r  d i scusses  seve ra l  f ac to r s  bea r ing  on the experimental  
p rocedures ,  the  s ign i f icance  of the  resu l t s ,  the  accuracy  of t he  model 
r e l a t i v e  t o  t h e  e x p e r i m e n t a l  data, a comparison of t h e  r e s u l t s  w i t h  re- 
l a t e d  work by p rev ious  inves t iga to r s ,  and the  theory  guid ing  the  exper -  
imental  methods. Some speculat ion  about   the  sensory  processes   involved 
i n  t he  con t ro l  of f o r c e  and pos i t i on  is  made on t h e  basis of t h e  r e s u l t s  
of t h i s  s t u d y .  I t  is po in ted  ou t  a l so  how a similar i n v e s t i g a t i o n  i n -  
volving asynchronous and nonmaximal s t imu la t ion  cou ld  c l a r i fy  some  of 
the ques t ions  regard ing  the  ex is tence  of separable  populat ions of t on ic  
and phasic  neuromuscular sys t ems  [Ref. 6 1 .  Experiments  conducted  under 
such s t imulat ion would  have  more d i r e c t  a p p l i c a t i o n s  i n  the development 
of b i o e l e c t r i c  p r o s t h e s i s  and t h e  a r t i f i c i a l  s t i m u l a t i o n  of musc les  to  
r e p l a c e  e f f e r e n t  s i g n a l s  f o r  p a r a l y z e d  p a t i e n t s ,  d u e  t o  a n  upper motor 
l e s i o n ,  whose musc les  a re  in  a normal s t a t e .  
A .  Electromyograms 
When any musc le  f ibe r  i s  s t imula ted ,  the  depolar iza t ion  of i t s  mem- 
brane produces an e l e c t r i c  f i e l d  whose po ten t i a l  appea r s  ac ross  any p a i r  
of e l e c t r o d e s  i n  the v i c i n i t y .  The electromyogram (EMG) i s  the  combined 
e f f e c t s  of t h e  f i e l d s  of a l l  musc le  f ibe r s  i n  a muscle, as observed with 
a p a i r  of e l ec t rodes  no t  i n s ide  a muscle f i b e r .  Although the  e l e c t r i c a l  
membrane p o t e n t i a l  is f a i r l y  w e l l  d e f i n e d ,  t h e  EMG s i g n a l  s e e n  i n  any 
voluntary  cont rac t ion  is t h e  i n t e r a c t i o n  of t h e  p o t e n t i a l s  c r e a t e d  by a 
g r e a t  many musc le  f ibers  be ing  exc i ted  i n  some random manner. The e.lec- 
t r i c a l  p r o p e r t i e s  of t he  t i s sue  su r round ing  the  muscle and the geometry 
of t h e  v a r i o u s  f i b e r s  r e l a t i v e  t o  t h e  e l e c t r o d e s  a r e  m a j o r  and complex 
f a c t o r s  t h a t  a f f e c t  t h e  EMG s i g n a l s  and c o n t r i b u t e  t o  r e n d e r i n g  i t s  char-  
ac t e r i s t i c s  r a the r  obscu re .  A l though  no t  hav ing  a well-defined behavior,  
however, t h e  EhlG s igna ls  do  provide  a measure of motor  nerve exci ta t ion,  
a t  least i n  average  amplitude.  I t  was  hoped whi le  formula t ing  the  exper -  
imen t s ,  t h a t  EMG a c t i v i t y  f o r  b o t h  t h e  f l e x o r s  and t enso r s  of t h e  forearm 
could  be  monitored  throughout the experiments.  The information  provided 
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by the  EMG s i g n a l s  would no t  e n t e r  d i r e c t l y  i n t o  t h e  f o r m u l a t i o n  of the  
models developed, but they would guide the experiments  by 
(1) ensu r ing  tha t  t he  app l i ed  exc i t a t ion  is e f f e c t i v e  and 
i n d i c a t i n g  an  improper  locat ion of t he  s t imu la t ing  
e l e c t r o d e  on the  f l exor  musc le s  ( s l i d ing  e l ec t rode  or 
r e loca t ion  of motor  point) ;  i n  add i t ion  to  no t  p rov id -  
ing the desired c o n s t a n t  s t i m u l i  t o  t h e  a g o n i s t ,  t h e  
la t ter  migh t  a l so  r e su l t  i n  unwanted a n t a g o n i s t  a c t i -  
vat   ion 
( 2 )  i nd ica t ing   sub jec t ' s   i n t e r f e rence   t h rough   vo lun ta ry  or 
i nvo lun ta ry  r e f l ex  ac t iva t ion  of the  agonis t  and/or  
an tagon i s t  and  unwanted e x c i t a t i o n s  of any source  tha t  
would inva l ida t e  the  da t a  
Cons ide rab le  e f fo r t  and t i m e ,  theref ore,  were devoted to recording exter- 
n a l  EMG over  the  muscles  active  about  the  elbow.  Various  geometrical  
r e l a t i o n s h i p s  between t h e  l o c a t i o n s  of t he  EMG e l e c t r o d e s  and the  stim- 
u l a t i n g  and  ground e l e c t r o d e s  were attempted i n  an e f f o r t  t o  minimize 
the  EMG s igna l  d i s tu rbance  by the  st imulating  waveforms. I n  a l l  c a s e s ,  
t he  waveform effects ,  unfortunately,  could not  be suppressed enough for  
meaningful  observations.  The s igna l   recorded   f rom  the   e lec t rodes   never  
seemed t o  be a pure superposi t ion of a normal EMG a c t i v i t y  w i t h  t h e  
s t i m u l a t i n g  t r a i n  of pu l se s .  The current   f low  between  the  s t imulat ing 
and EMG e lec t rodes  appeared  to  have  i r regular  res i s tances  tha t  rendered  
t h e  i n t e r p r e t a t i o n  of the recorded s ignal  too complex t o  b e  v a l u a b l e  f o r  
the above guidel ines .  
A s  mentioned  above,  however,  records of EMG a c t i v i t y  were  not  an 
e s s e n t i a l  p a r t  of the  experimental   methods.  I t  i s  be l i eved   t ha t   t he  
inc reased  r epe t i t i ons  for each experimental trial, the "spot check" 
procedure  (described i n  Chapter IV) and,   perhaps,   the   addi t ional   care  
exercised i n  running the experiments provided a s u b s t i t u t e  for t he  i n -  
format ion   tha t  had  been  expected  from EMGs. I t  a l s o  became obvious  that  
the  ident ica l  t ime h is tor ies  (over lapping  t races  on the  osc i l l o scope  
d i s p l a y )  o b t a i n e d  f o r  c o n s e c u t i v e l y  r e p e a t e d  t r i a l s  would not  and d id  
not occur when a change i n  t he  loca t ion  of t he  s t imu la t ing  e l ec t rode  
occurred or when exc i t a t ions  o the r  t han  the  con t ro l l ed  ones  were p resen t .  
I t  became a p p a r e n t  a l s o  t h a t  any e x c i t a t i o n  of the  an tagon i s t  was de t ec t ed  
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e a s i l y  by t h e  r e s u l t i n g  d i s t u r b a n c e  i n  the  "p la teau"  of both t h e  muscle- 
torque and forearm-flexion t ime his tor ies .  
The recording of EMG i s  considerably more important when t h e  d a t a  
c o l l e c t e d  are random i n  c h a r a c t e r ,  as i n  t h e  c a s e  of muscle-f iber  and 
n e u r o n a l - a c t i v i t y  f i r i n g  rate and act ion-potent ia l  ampli tude under  vol-  
un ta ry  con t r ac t ions ,  wh ich  po ten t i a l ly  l ead  to  bo th  e s t ima t ion  and iden- 
t i f i ca t ion  p rob lems .  The experimental   condi t ions and techniques  used 
i n  t h i s  i n v e s t i g a t i o n ,  however,  provided data that suggested a purely 
de t e rmin i s t i c  i den t i f i ca t ion  p rob lem where the  func t ions  and parameters 
represent ing  the  p lan t  or model were t o  be  obta ined .  This  de te rminis t ic  
na tu re  of muscle  dynamics was pointed out  by Ritchie and Wilkie [Ref. 71 
dur ing  their  d iscuss ion  of muscular  contract ion : 
' I . .  . we a r e  n o t  d e a l i n g  w i t h  random e r r o r s ,  f o r  a given muscle 
c o n s i s t e n t l y  g i v e s  a force-veloci ty  curve of the same shape." 
B. Evaluation of Model 
The model developed from t h e  r e s u l t s  of the isotonic  experiments ,  
which c o n s t i t u t e s  t h e  b a s i s  f o r  t h e  d e s c r i p t i o n s  of b o t h  t h e  c o n t r a c t i l e  
and s e r i e s   e l a s t i c   e l e m e n t s ,  i s  evaluated i n  t h i s  sect ion.   Phase-plane 
p l o t s  computed  from the derived model,  E q .  (6.9), a r e  compared w i t h  ac- 
t u a l  c o l l e c t e d  d a t a ,  and t h e  r e s u l t s  a r e  i l l u s t r a t e d  i n  F ig .  36 where 
t h e  eva lua t ion  is  made for th ree  va lues  of muscle  force.  Such  a compar- 
ison i s  no t  a s  s t r a igh t fo rward  a s  i t  appears  because,  again, t h e  change 
i n  geometry of t he  arm/muscle  system  complicates  the  evaluation. I t  
must  be  remembered t h a t  t h e  da ta  compr is ing  the  phase-p lane  p lo ts  as  
d i s p l a y e d  are for constant  muscle  force and not  for  cons tan t  musc le  
torque.  Accordingly,   adjustments i n  the   va lue  of muscle  torque  must be 
made for  each corresponding forearm posi t ion when computing phase planes 
from the model. 
A s  expected, t he  m o d e l  p r e d i c t s  f a s t e r  c o n t r a c t i o n s  of the  cont rac-  
t i l e  element a t  the  onse ts  of forearm motions than t h e  actual  observed 
muscular  contract ions.  This  is compatible  with the model p o s t u l a t e d  f o r  
the  musc le  as  a whole  and w a s  discussed i n  Chapter 111. Namely, under 
r ea l  phys i ca l  cond i t ions ,  t h e  v e l o c i t y  of the observed muscular  contrac-  
t ion cannot instantaneously match the  nonzero veloci ty  of t h e  c o n t r a c t i l e  
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element a t  t h e  o n s e t  of motion, as predic ted  by t h e  m o d e l .  A small t i m e  
d e l a y  is  requi red  f o r  t h e s e  v e l o c i t i e s  t o  meet t h e  t h e o r e t i c a l  p r e d i c t i o n  
of t h e i r  e q u a l i t y  u n d e r  i s o t o n i c  c o n d i t i o n s .  
C .  Comparison of M o d i  
The b e s t  known mathematical  description of muscle behavior w a s  de- 
r ived  by H i l l  [Ref. 11 and  given by 
where 
P = e x t e r n a l  f o r c e  
V = shor t en ing  ve loc i ty  of the muscle  
P = maximum isometric tens ion  
0 
a, p = c o n s t a n t s  
The p r i n c i p a l  l i m i t a t i o n  of t h i s  m o d e l  is t h a t  i t  does n o t  a c c o u n t  f o r  
t h e  l e n g t h  of the muscle, which w a s  subsequently found t o  be a d e f i n i t e  
f ac to r  i n f luenc ing  the  ve loc i ty  and  t h e  tension  in  muscles  [Refs.  8, 9, 
10, and 41. H i l l ' s  equa t ion ,   t he re fo re ,  relates muscle   force  and  short-  
en ing  ve loc i ty  only  a t  the s tudied muscular  length which w a s  the "normal 
r e s t ing  l eng th . "  Th i s  i s  t h e  most   notable   dis t inct ion  between H i l l ' s  
m o d e l  and  the model  developed  in t h i s  i n v e s t i g a t i o n ,  Eq. (6.91, where 
the  con t r ac t i l e - e l emen t  ve loc i ty  is e x p l i c i t l y  d e s c r i b e d  as  a func t ion  
of both muscle  force and length.  
Although H i l l ' s  experiments were conducted on the f r o g ' s  s a r t o r i u s  
m u s c l e  i n  v i t r o  a t  OOC, i t  i s  i n t e r e s t i n g  t o  compare  ou r  r e su l t s  fo r  
human musc le  in  s i t u  wi th  h i s  mode l .  Th i s  is done  in  F ig .  37, where t h e  
con t r ac t i l e  e l emen t ' s  sho r t en ing  ve loc i ty  i s  p lo t t ed  vs  musc le  fo rce  a t  
"normal  res t ing length. ' '  The t r ans fo rma t ions  in  Appendix A were used t o  
conver t  angular  ve loc i ty  and  torque  t o  t r a n s l a t i o n a l  v e l o c i t y  and force,  
r e s p e c t i v e l y .  The main d i f f e r e n c e  i s  i n  t h e  n o n l i n e a r i t y  of those  curves;  
H i l l ' s  have a more pronounced curvature. They bo th  d i sp lay  a similar 
decaying shape for  the veloci t ies  involved,  however ,  w i t h  the  except ion  
83 
t- 
LT 
0 
I 
v) 
FORCr C ,  Ibs 
i 
0 FROM EQUATION 6-9 ( ~ ~ L v s  0.5 P) 
(SUBJECT NO. I )  
5.0 FROM ZAJAC'S  EQUATION 
P A FROM HILL'S EQUATION (a/P,=0.25) 
F ig .  37. VELOCITY-FORCE  CURVES  FOR CONTRACTILE ELXMENTS AT NORMAL 
RESTING LENGTHS. 
of the  reg ion  c lose  to  equi l ibr ium which  is a t t r i b u t e d  t o  t h e  v e r y  l a r g e  
changes i n  ve loc i t ies  observed  i n  ou r  da t a  n e a r  the equi l ibr ium region 
(see Chapter V ) .  Di f fe rences  a re  expec ted  i n  t h e s e  r e s u l t s  on t h e  b a s i s  
of t h e  d i f f e r e n c e s  i n  experimental  condi t ions ( i n  v i t r o  v s  i n  s i t u )  and 
on t h e  f a c t  t h a t  H i l l  performed h is  exper iment  on frog muscles and not  
on  human skeletal muscle. The long-discovered  discrepancies  between mod- 
e l  p r e d i c t i o n s  and ac tua l  da t a  co l l ec t ed  fo r  f rog  musc le s  unde r  similar 
environmental  conditions have motivated many i n v e s t i g a t o r s  t o  re-examine 
the  theo re t i ca l  r e su l t s  fo r  musc le  behav io r .  Jewel1 and  Wilkie  [Ref. 111 
t e s t e d  t h e  model ex tens ive ly  and reported a "clear"  discrepancy between 
t h e  t h e o r e t i c a l  p r e d i c t i o n  and the i r  exper imenta l ly  obta ined  ve loc i ty-  
force  curve.   Carlson  [Ref .  121 a l s o  showed t h a t  H i l l ' s  equation  could 
n o t  d e s c r i b e  h i s  d a t a  a t  t h e  l o n g e r  m u s c u l a r  l e n g t h s .  
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Fenn and  Marsh  [Ref. 131 and more recently  Zajac  [Ref.  41 s tud ied  
t h e   s h o r t e n i n g   c h a r a c t e r i s t i c s  of ca t   musc le .   Za jac ,   in   par t icu lar ,  
u sed  i so ton ic  sho r t en ing  da ta  to  model the  k inemat ic  proper t ies  of t h e  
ca t ' s  media l  gas t rocnemius  musc le  in  v ivo .  H i s  development was no t  
r e s t r i c t e d  t o  one spec i f i c  musc le  l eng th  bu t  e l egan t ly  r e f l ec t ed  the  
dependence of t he  con t r ac t i l e - e l emen t  ve loc i ty  on both muscle  force and 
l e n g t h ,  H i s  r e s u l t s  are given by 
xc = Vo exp(-P/a ) 
V 
where 
x = con t rac t i l e - e l emen t   ve loc i ty  
x = muscle   length L 
P = muscle  force 
C 
and the other  parameters  are c o n s t a n t s ,  f o r  a given muscle, obtained 
empir ical ly   f rom  his   experimental  da ta .  A g r e a t  d e a l  of s imi l a r i t y  can  
be  observed  between  Zajac's model  and the  one der ived  i n  t h i s  i n v e s t i g a -  
t i o n .  The no tab le   d i f f e rences ,  however, a r e   t he   fo l lowing .  
(1) The shape of t h e  v e l o c i t y - l e n g t h  c u r v e s  f o r  a cons tan t  
f o r c e  are  def ined  by t h e  power cons t an t  c f o r   e a c h  
muscle,  where c i s  the  s lope  obtained  empir ical ly  by 
p l o t t i n g  v e l o c i t y  v s  l e n g t h  on log - log   s ca l e s .  Such a 
desc r ip t ion  p rov ides  g rea t  gene ra l i t y  and can closely 
match t h e  e l l i p t i c a l  s h a p e s  c h a r a c t e r i z e d  i n  o u r  model, 
excluding the region near  equi l ibr ium. 
( 2 )  I f   the   concept  of a ve loc i ty - l eng th  cu rve  fo r  a nominal 
f o r c e  i s  considered,  which is re sca l ed  and t r a n s l a t e d  
so as t o  d e s c r i b e  t h e  d a t a  f o r  f o r c e s  o t h e r  t h a n  t h e  
nominal,  then it is  observed that  no scal ing along the 
musc le- length  ax is  i s  implied i n  Zajac's m o d e l .  
These differences are i l l u s t r a t e d  i n  t h e  f o l l o w i n g  g e n e r a l  r e p r e s e n t a -  
t i o n s :  
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where (7.3) r e p r e s e n t s  t h e  model obtained i n  t h i s  s t u d y ,  and (7.2) i s  
t h e  model obtained by Zajac f o r  c a t  m u s c l e .  D i f f e r e n c e  (1) is t h e  d i s -  
s i m i l a r i t y   i n   t h e   f u n c t i o n s  f (.) and f p ( . ) ,  where the  former is a n  
e l l i p t i c a l  f u n c t i o n  and t h e  l a t t e r  i s  descr ibed  by t h e  power cons t an t  
c .  D i f f e r e n c e  ( 2 )  appears  as the   l ack  of a c o u n t e r p a r t  f o r  t h e  p o s i t i o n -  
ga in  or s c a l i n g   f u n c t i o n  ,.g '(T ) i n  Za jac ' s   equa t ion .   This   has   the   sur -  
p r i s i n g  i m p l i c a t i o n  t h a t  a l l  t h e  v e l o c i t y - l e n g t h  c u r v e s  o b t a i n e d  f o r  c a t  
musc le  under  d i f fe ren t  loads  have  ident ica l  shapes  n e a r  t h e  e q u i l i b r i u m  
length,   and i s  i l l u s t r a t e d  by F i g .  38, where  the  cu rves  fo r  t he  l a rge r  
f o r c e s  are t r a n s l a t e d  t o  s h o r t e r  m u s c l e  l e n g t h s  t o  i n d i c a t e  t h e  i d e n t i c a l  
shapes  (over lapping  curves)  tha t  they  would have i n  the neighborhood of 
equi l ibr ium. This  was not  the  case  for  our  exper iments  on  human muscles.  
T 
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Fig .   38 .  OVERLAPPING  PHASE-PLANE  PLOTS  FOR DIF- 
FERENT  LOADS  NEAR  MUSCLF: EQUILIBRIUM LENGTH, 
AS  IMPLIED BY ZAJAC ' S  EQUATION. P3 > Pa > PI. 
XL = dis tance   shor tened .   Curves   for  P2 and 
P3 t r a n s l a t e d   t o   s h o r t e r   m u s c l e   l e n g t h .  
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The ve loc i ty- f  orce  curve  for  Za jac ' s  equat ion  is a l so  inc luded  i n  
F ig .  37 f o r  comparison with our  resul ts  and H i l l ' s ;  i ts  shape  resembles 
the veloci ty-force curve der ived from this i n v e s t i g a t i o n  e x c e p t  i n  t h e  
neighborhood of the   equi l ibr ium  pos i t ion ,  as a n t i c i p a t e d .  I t  i s  a l s o  
observed from these curves that ,  a l though s ignif icant ly  larger  loads 
could be moved  by  human musc les ,  the  shor ten ing  ve loc i t ies  of f r o g  and 
c a t  muscles a r e  two t o  f o u r  times f a s t e r .  
An angular  ve loc i ty-musc le  torque  p lo t  a t  normal  res t ing  length  i s  
presented i n  F ig .  39 for  comple teness ;  a l so  inc luded  i s  a maximum veloc- 
i ty- torque  curve,   g iven by 
-aT A 
'max 
= h ( T  ) = Ue 
A (7.5 1 
MUSCLE TORQUE, f t  - Ib 
Fig .  39. ANGULAR-VELOCITY VS TORQUE CURVES FOR CONTRACTILE ELEMENT. 
Subject  1. 
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w i t h  the  obse rva t ion  tha t  t he  maximum shor t en ing  ve loc i ty  occur s  a t  
d i f f e r e n t  m u s c l e  l e n g t h s  f o r  d i f f e r e n t  l o a d s .  The muscular  lengths  a t  
which maximum ve loc i ty  occur s  are 
eLl 'max 
D .  The Cont ro l  of Movement 
This  sec t ion  i s  concerned 
(7.6) 
terest to  bo th  psycho log i s t s  and neurophysiologis ts  and can be stated 
by t he  fo l lowing  ques t ion  : When impu l ses  l eave  the  moto r  co r t ex  v i a  
the axons of cor t icospinal  neurons,  do they specify muscle  tension or  
muscle length? 
Numerous studies  have  been  conducted,  with  varied  approaches,   in 
an at tempt  to  discover  whether  the pr imary parameter  of motor output i s  
f o r c e  or p o s i t i o n .  The neurophys io logis t  has  been  ab le  to  observe  pa t -  
t e r n s  of d i scha rge  of cor t icospina l  neurons  but  has been unable t o  re- 
l a t e  t h e s e  p a t t e r n s  t o  v o l u n t a r y  movement; whereas ,  the psychologis t  has  
studied normal movement but without hope of knowing t h e  p a t t e r n s  of neu- 
r o n a l  d i s c h a r g e  c o r r e l a t i v e  w i t h  t h i s  movement. Unfortunately,   because 
of the  complexity of t h e  sys tem,  most  conclusions  have  been  tentative,  
wi th  a c e r t a i n  amount of specu la t ion  and b i a s .  The hypothes is  i n  t h i s  
s e c t i o n  f o r  t h e  c o n t r o l  of movement i s  no except ion and is  not immune 
t o  the  above  weaknesses. I n  a n y  case, the r e s u l t s  of i n v e s t i g a t i o n s  
devoted t o  t h i s  problem  must be i n t e r p r e t e d  w i t h  c a u t i o n .  For  example, 
i n  d i s c u s s i n g  h i s  e x p e r i m e n t a l  r e s u l t s  i l l u s t r a t i n g  a fo rma l  r e l a t ion -  
s h i p  between pyramidal  t ract  neurons (PTN) a c t i v i t y  and  f o r c e ,  E v a r t s  
[Ref. 141 warns  tha t  a d i f f e r e n t  t y p e  of experiment and a n a l y s i s  might 
have shown a n  equa l ly  conv inc ing  r e l a t ionsh ip  between PTN a c t i v i t y  and 
displacement.  
When p e r t a i n i n g  t o  t h e  v o l u n t a r y  c o n t r o l  of movement, conc lus ions  
de r ived  f rom the  r e su l t s  of expe r imen t s  i nvo lv ing  e l ec t r i ca l  s t imu la t ion  
must be adopted with reservation because most st imulations were conducted 
maximally  and a t  t e t a n i c  f r e q u e n c i e s  and conclus ions  drawn from these 
r e s t r i c t ed  cases  have  o f t en  been  extended t o  encompass o t h e r  modes of 
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s t imu la t ion  and the  vo lun ta ry  con t ro l  of movement. In h i s  d i s c u s s i o n  
of t he  vo lun ta ry  con t ro l  of movement, Zajac  [Ref. 41 emphasizes  the 
dependence of fo rce  no t  on ly  on e x c i t a t i o n  b u t  a l s o  on muscular  length.  
This  i s  indeed  t rue  for  maximal ly  and t e t an ica l ly  s t imu la t ed  musc le  
( i  .e., f o r  maximum f o r c e ) ,  as i l l u s t r a t e d  from t h e  i s o t o n i c  and isomet- 
r i c  e x p e r i m e n t s  i n  t h i s  i n v e s t i g a t i o n ;  f o r  d i f f e r e n t  l o a d s ,  t h e  f o r e a r m  
comes t o  rest a t  d i f f e r e n t  p o s i t i o n s ,  and d i f f e r e n t  maximum isometr ic  
f o r c e s  are developed a t  d i f f e ren t  muscu la r  l eng ths .  Th i s  canno t  app ly  
t o  v o l u n t a r y  c o n t r o l ,  however,  where it is  obvious from daily experiences 
t h a t  t h e  same fo rce  (wi th in  limits discussed below) can be exerted a t  
d i f fe ren t   l imb  pos i t ions .   Par t r idge   [Ref .  151 observed  the same amount 
of con t r ac t ions  fo r  cons t an t  bu t  non te t an ic  s t imu la t ions  a l though  the  
muscle was s u b j e c t e d  t o  d i f f e r e n t  l o a d s ;  t h i s  i n d i c a t e s  d i f f e r e n t  f o r c e s  
a t  t he  same muscle  length which suggests  that ,  a t  l eas t  f o r  h i s  mode  of 
s t i m u l a t i o n ,  f o r c e  i s  not  dependent on muscle length.  
" 
The foundat ion of the hypothesis  discussed below is  based on t h e  
observa t ions  of Pa r t r idge  and L e i f e r  and i s  guided by t h e  r e s u l t s  of 
t h i s   i n v e s t i g a t i o n .   P a r t r i d g e   n o t e d   t h a t ,   f o r  a given waveform frequen- 
cy,  the muscle w i l l  s h o r t e n  t o  t h e  same l eng th  r ega rd le s s  of the  load;  
more recent ly ,  Le i fe r  observed  l i t t le va r i a t ion  in  the  neu rona l  d i scha rge  
of m u s c l e  f i b e r s  h e l d  a t  a f ixed  l eng th .  These  r e su l t s  cou ld  imply t h a t  
the  neuromuscular -uni t  f i r ing  rate,  or frequency of s t imu la t ion ,  may 
spec i fy   musc le   l ength .   Le i fe r   a l so   observed   tha t   the   recru i tment  of ad- 
d i t i ona l  neu romuscu la r  un i t s  was d i r ec t ly  p ropor t iona l  t o  the  deve loped  
i somet r i c  fo rce  accoun t ing  fo r  85 t o  90 percent  of force modulat ion,  
t h u s  i n d i c a t i n g  t h a t  t h e  a m p l i t u d e  of s t imu la t ion  i s  m a i n l y  respons ib le  
for   deve loped   force .   These   resu l t s   sugges t ,   therefore ,   independent   func-  
t i o n s  f o r  t h e  e x c i t a t i o n  f r e q u e n c y  and amplitude,  namely t h e  c o n t r o l  of 
pos i t i on  and fo rce ,   r e spec t ive ly ;   fu r the rmore ,   t he   r e su l t s  of t h i s  i n v e s -  
t i g a t i o n  i n d i c a t e  d e f i n i t e  c o n s t r a i n t s  on t h e  maximum force  deve loped  in  
the muscle .  Maximum f o r c e  i s  produced  under  maximal  and  tetanic  neural 
e x c i t a t i o n  and " i t s  upper l i m i t  .- is dependent on muscle   length.  The con- 
s t r a i n t ,  i n  ro ta t iona l  form,  der ived  f rom the  i sometr ic  exper iments  i s  
given by 
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(6.18) 
or, when de r ived  f rom the  r e su l t s  of the  i so tonic  exper iments ,  by t h e  
equiva len t   equa t ion  : 
(b + C )  - 8, 
TA 
L -  
max m + n  
(6.19) 
0 1  Figure  40 i s  a block diagram of such a hypo thes i s  fo r  t he  v .un t a r y  
c o n t r o l  of movement, where t h e  amplitude  and  frequency of neuromuscular 
e x c i t a t i o n  are cons ide red  to  con t ro l  musc le  fo rce  and pos i t ion ,  respec-  
t i ve ly ,   w i th   t he   above   g iven   cons t r a in t s .   Th i s   r ep resen ta t ion  i s  only 
comple t e  fo r  t he  agon i s t ;  a to t a l ly  ana logous  sys t em f o r  t h e  a n t a g o n i s t  
i s  implied.  
The m a i n  feedback logic  assumed i n  t h i s  mode  of opera t ion  i s  the  
c o n t r o l  of force based on the  i n t e r n a l  sens ing  of pos i t i on  or muscle 
l eng th .  A s  a s imple   desc r ip t ion  of t h i s  system,  consider  two motions 
unde r  iden t i ca l  ex te rna l  l oads  w i t h  the motor  commands from the  h ighe r  
centers   having   the  same frequency  and  different   ampli tudes.   According 
t o  t h e  above  hypothesis, this would  imply i d e n t i c a l  p o s i t i o n  commands, 
bu t  t he  d i f f e ren t  ampl i tudes  imply d i f f e ren t  musc le  fo rces  i n  the open- 
loop sys t em.  According t o  o u r  c o n t r o l  l o g i c ,  these d i f f e r e n c e s  i n  f o r c e  
would be manifested by d i f f e r e n t  v e l o c i t i e s  i n  t he  movements and ,  there-  
f o r e ,  d i f f e r e n t  d u r a t i o n s  of t he  movements because  ve loc i ty  i s  t h e  s i n g l e  
i n t e g r a l  of force,and displacement  i s  i t s  doub le  in t eg ra l ,  as ind ica t ed  
in   F ig .  40. Because t h e  f i n a l  l imb  p o s i t i o n  must  be t h e  same ( i d e n t i c a l  
f r equenc ie s )  and the  ex te rna l  l oad  app l i ed  to  the  musc le s  are a l s o  the  
same i n  bo th  cases ,  the  f ina l  musc le  force  must  a l so  be ident ica l  when 
t h e  commanded equi l ibr ium  pos i t ion  i s  reached.  Such r egu la t ion  of the  
fo rce  du r ing  movement i s  achieved by t h e  i n t r i n s i c  servomechanism  involv- 
ing  cont inuous  sens ing  of pos i t i on ,  or i t s  comparison with the desired 
one.  This is  shown i n  F ig .  40, where the  t ransformat ion  of the   pos i t i on  
senso r  s igna l  t o  the  compensa t ing  command i s  denoted by “block K.” 
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Fig ,  40.  CONTROL OF MOVEMENT HYPOTHESIS FOR  DISSOCIATED  FUNCTIONS  FOR  AMPLITUDE AND FREQUENCY CON- 
TENTS  OF  HIGHER  CENTER MOTOR  COMMANDS. 
A s  pointed out  by Alter [Ref.  161, i t  is questionable whether any 
d i r ec t  f eedback  of force  informat ion  f rom sensory  organs  to  a consc ious  
l e v e l  e x i s t s .  For example, when a cons t an t  t ens ion  is  a p p l i e d  t o  a 
spr ing  ba lance ,  wi thout  us ing  v isua l  feedback ,  a r ap id  and  wide d r i f t  
i n  t h e  f o r c e  a p p l i e d  w i l l  occur.  
The sys t em rep resen ta t ion  of F ig .  40 a l s o  i n d i c a t e s  t h e  ''bounds" 
or "limits" on the  maximum force  tha t  can  be developed as a func t ion  of 
muscle  length.  The means by which t h i s  c o n s t r a i n t  on  maximum f o r c e  
would e n t e r  t he  vo lun ta ry  con t ro l  of movement can be descr ibed  by con- 
s i d e r i n g  a limb motion under a high-f requency command from the higher 
centers and  under a l a rge   ex te rna l   l oad  P1. High-f requency   exc i ta t ion  
impl ies  a l a r g e  amount of musc le  cont rac t ion  to  a f ina l  l eng th  deno ted  
by X 2 '  I f   the  maximum f o r c e  P2 that  can  be  developed a t  muscle  length 
x [given by t h e   t r a n s l a t i o n a l   t r a n s f o r m a t i o n  of Eq. (6 .18)  o r  (6 .19)i  
i s  smal le r   than  P1, however, the motion  would s t o p   s h o r t  of i t s  t a r g e t  
x a t  a la rger   muscular   l ength  x where t h e  maximum developed  force 
i s  P1. This  i s  p rec i se ly  what  ook  place  in our  i so tonic   exper iments  
under  h igh-s t imulus  f requency  ( te tan ic) .  
2 
2 I' 
A d o t t e d  l i n e  i n  the muscle  block indicates  some inf luence  of d i s -  
charge frequency on force  (no  more than  10  to  15  pe rcen t  acco rd ing  to  
L e i f e r )  and a l s o  shows t h a t  EMG i s  s o l e l y  a f u n c t i o n  of t o t a l  e x c i t a t i o n  
(frequency and ampli tude)  and no t  of muscle  force alone,  except  i n  the  
i somet r i c  case. The funct ion  l /h(f3)  i s  the   geometr ica l   t ransformat ion  
conve r t ing   fo rce   t o   t o rque ,  and I is the  moment  of i n e r t i a  of the  mov- 
ing l imb and load .  
The above hypothesis considers the muscle force as the primary pa- 
rameter i n  t h e   c o n t r o l  of movement. I t  somewhat r e f l e c t s  a n  argument 
(one of many) proposed by E v a r t s  t h a t  " n e u r o n s  r e l a t e d  t o  movement must 
a p r i o r i  be related t o  f o r c e - - t h a t  s i n c e  t h e  f o r c e  c a u s e s  movement, i t  
i s  u n t h i n k a b l e  f o r  F T N ' s  t o  be related to  d isp lacement  wi thout  f i rs t  be- 
ing  related t o  f o r c e . "  
I t  i s  emphasized again that the hypothesis brought forward i n  t h i s  
d i scuss ion  i s  highly  speculative.   Conclusions  from  experiments  involv- 
i n g  e l e c t r i c a l  s t i m u l a t i o n  must  be  drawn wi th  cau t ion .  A s  Ruch [ R e f .  171 
po in t s   ou t  : 
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“How the  motor  cortex f u n c t i o n s  i n  v o l u n t a r y  a c t i v i t y  
cannot be d i r ec t ly  l ea rned  f rom electr ical  s t imu la t ion ,  
which is n o t  i t s  n a t u r a l  m o d e  of ac t iva t ion .  The re fo re ,  
much of t h e  r e s e a r c h  on t h e  motor cortex has  been directed 
toward q u e s t i o n s  of loca l i za t ion  r a the r  t han  toward  the  
e l u c i d a t i o n  of i ts  f u n c t i o n s  . ‘ I  
E.  Future  Work 
A r e p e t i t i o n  of the  expe r imen t s  conduc ted  du r ing  th i s  i nves t iga t ion  
u n d e r  s t i m u l a t i o n s  o t h e r  t h a n  maximal and t e t a n i c  seems warranted from 
s e v e r a l  s t a n d p o i n t s .  A s  t h e  g e n e r a l  e q u a t i o n s  i n  t h e i r  i m p l i c i t  f o r m s  
[Eqs. (2.1) and (2 .2 ) l  f o r  t h e  c o n c e p t u a l  m o d e l  i nd ica t e ,  t hey  are n o t  
n e c e s s a r i l y  l imi ted  t o  t e t a n i c a l l y  and  maximally  stimulated  muscle. I t  
would be u s e f u l  t o  obta in  a mathematical model t h a t  would a c c o u n t  f o r  
the changing s ta te  of a c t i v a t i o n  of muscles;   namely,   if  the parameter 
a ( t )  could be descr ibed  as a time func t ion ,  r a the r  t han  a c o n s t a n t ,  t o  
encompass  asynchronous  and  nonmaximal  motor-nerve e x c i t a t i o n .   T h i s  
could provide valuable  information for  the development  and design of 
bioelectr ic  p r o s t h e s i s  for example,  where  nerve or muscle  s igna ls  (EMG) 
from t h e  amputated l imb are used t o  c o n t r o l  t h e  p r o s t h e s i s .  Such  exper- 
imen t s  a l so  would h e l p  t o  test the  hypothes is  for t h e  v o l u n t a r y  c o n t r o l  
of movement, d i s c u s s e d  i n  t h i s  c h a p t e r ,  and  could  shed more l i g h t  on t h e  
command s t r u c t u r e  a n d  l o g i c  t h a t  a c t i v a t e  o u r  s y s t e m  of nerves and mus- 
c l e s .  
Another area of a p p l i c a t i o n  would be i n  t h e  a r t i f i c i a l  s t i m u l a t i o n  
of muscles of pa t i en t s  pa ra lyzed  by an upper motor lesion but whose mus- 
c les  are i n  a no rma l  s t a t e ;  t ha t  is ,  the  ex i s t ing  muscu la tu re  of the  par -  
alyzed  l imb would be u t i l i z e d  as i ts  c o n t r o l l e d  a c t u a t o r .  B e f o r e  t h i s  
can be done, however, muscle behavior as a func t ion  of e lec t r ica l  stimu- 
l u s  u n d e r  a la rge  spec t rum of  waveform c h a r a c t e r i s t i c s  m u s t  be known i n  
a d d i t i o n  t o  t h a t  u n d e r  maximal ampl i tudes  and  te tan ic  f requencies .  The 
r e s u l t s  of such a r e s e a r c h  e f f o r t  are worthy of the  cha l l enge .  
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Appendix A 
REIATIONSHIPS BETWEEN TRANSLATIONAL AND ROTATIONAL  COORDINATES 
AND  COMPUTATION OF MUSCLE-GROUP TORQUE ABOUT THE ELBOW JOINT 
If a set of u n i t   v e c t o r s  i, J, 5 ( c o n s i d e r e d   f i x e d   i n   t h e  mus- - 
c l e )  i s  d e f i n e d  as shown i n  F i g .  41 and i f  
l e n g t h  of muscle g roup  
d i s t ance  be tween  musc le -g roup  a t t achmen t  po in t  a t  forearm and 
elbow j o i n t  
d i s t a n c e  between musc le -g roup  a t t achmen t  po in t  a t  shou lde r  and  
elbow j o i n t  
t e n s i o n  v e c t o r  i n  m u s c l e  
TO HAND 
F i g .  41. GEOMETRIC REPRESENTATION OF ARM/MUSCLE-GROUP SYSTEM. 
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T = muscle-group torque vector about elbow 
A -  
q E moment ann v e c t o r  of muscle force about  elbow j o i n t  
- 
- 
and angles a and 8 are def ined  as i n d i c a t e d   i n   F i g .  41, t hen   t he  
fo l lowing  r e l a t ionsh ips  can  be w r i t t e n  : 
X 2 = ( 4  + d c o s  e )  2 + (d s i n  e )  2 
o r  
X = (a2 + d2 + 2Qd c o s  0 )  1/2 (A.1) 
and, f o r   t h e   d e f i n i t i o n s  of x xL, eo, BC, and BL in   Chapter  111, 
C’ 
and 
k?d s i n  (eo + e ) 
x =  C t ; i  b2 + d + 2k?d cos (e, + e c )  2 Ill2 - 
Simi la r ly ,  
( A . 3 )  
0 +2Qd c o s  ( e ,  + e L )  (A .4)  
a d  s i n  (0, + 0 ) 
i =  L 
r 2  
(A .5 ) 
R + d + 2jd  cos  (eo + Q L )  2 
Now, 
q = -1 s i n  aJ = - a d  s i n  0 - X - j 
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and  use of Eq. ( A . 1 )  y i e l d s  
s =  -ad s i n  8 
2 (a2 + d + 2 j d  c o s  8 
(A .6) 
By d e f i n i t i o n ,  t h e  t o r q u e  of the muscle group about the elbow is  
and  because P = P .  and 8 = 8 + 8 - - 1 0 L’ 
Pad s i n  (0, + 8,) 
2 
- 
TA - 1/2 - k b2 + d + 2 jd  COS (63 + BL)] - 0 
( A . 7 )  
By n o t i n g  t h a t  eo is  a constant  and  making  use of t h e  above re- 
su l t s ,   Eqs .  ( A . 2 ) ’   ( A . 3 1 ,   ( A . 4 1 ,   ( A . 5 ) ,  and ( A . 7 )  can be represented  in 
genera l  forms as 
x L = eLhq(eL) ( A . l l )  
and 
P = T h  ( 0 )  A 5  L 
where 
2 1/2 
[j2 + d + 2 j d . c o s  (0 
h ( e ) =  5 L  j d  s i n  (8, + 8 ) 
L 
(A .12)  
( A . 1 3 )  
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Appendix B 
EVALUATION OF THE APPROXIMAT ION 
The gene ra l  form of the  equa t ion  cha rac t e r i z ing  the  series e l a s t i c  
e l emen t  is q u i t e  complex: 
2 1/2 
[ j 2  + d -+ 2jd  COS (eo + e,)] - [ j  + d + 2jd COS (8, + 8 2 C 
= f l (P )  
where the  mathematical   expression  for  €Jc i s  an  e l l i p t i c  i n t e g r a l  [see 
E q .  ( 6 . 1 3 ) l .  I n  the  above f 01111, the value and usefu lness  of Eq. (2.5) 
a s  a mathematical model f o r  t he  s e r i e s  e l a s t i c  e l e m e n t  become quest ion-  
able  because of i t s  complexi ty .   For   this   reason,  i ts  le f t -hand   s ide  i s  
approximated to  the s impler  l inear  form of 
d(QC - 8 = f l ( P )  L 
I f  the  fo l lowing  def in i t ion  is made, 
Eq. ( B . l )  can be expressed i n  the general  form of  Eq. (2.6)  which is  the  
c h a r a c t e r i z a t i o n  of the  series e l a s t i c  e l emen t  considered i n  t h i s  s t u d y ,  
namely 
Figure 42 is  a g r a p h i c  i l l u s t r a t i o n  of the muscle lengths involved 
i n  the above  approximation,  where 
2 1/2 + d + 2jd COS (6' + e,)] 
1 0 i = C , L  
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, SHOULDER ATTACHMENT  POINT 
F i g .  42. MUSCLE  UNGTHS  INVOLVED IN THE  APPROXIMATION. 
I n   t h i s   n o t a t i o n ,   t h e  scalar QL - Qc i s  approximated by d(eC - 0,). 
A numerical  evaluat ion of th i s  approximat ion  for combinations of va lues  
assumed by Bc and BL is presented   in   Table  7, where 
[d ( e  C - eL) - (QL - Qc)] 100 
$ error = 
QL - &c 
The llbounds" f o r  t h e   v a l u e s  of BL and Bc cons idered  i n  t h i s  
eva lua t ion  are determined by p h y s i c a l  c o n s t r a i n t s .  
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Table 7 
EVALUATION  OF ERROR FOR THE APPROXIMATION t 
Erro r  
60 
9.9 
9.3 
8.7 
7.9 
6.6 
6.7 
e + eL 0 
5.7 0.3 
3.9 I lS7 
105 
- eL 
(deg 1 - 
5 
10 
25 
40 
55 
70 
0.1 
2.6 
5.1 
"- 
"- 
"- 
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L o w e r  Bounds: A s  ind ica ted  i n  Chapter 111, t he   pos tu l a t ed  m o d e l  
impl ies  an  ins tan taneous  ve loc i ty  of the  forearm a t  the  onse t  of motion 
(see Figs. 4 and 5 ) .  Because th i s  canno t  occur  phys i ca l ly ,  t he  da t a  
c o l l e c t e d  for t h e  i n i t i a l  p a r t  of t h e  forearm motion (40° < e  + e  < G O 0 )  
were n o t  u s e d  t o  describe t h e  model; t he re fo re ,  t he  lowes t  va lue  of in-  
terest  for eo + 8 is 60'. By t h e   d e f i n i t i o n s *  of Qc and 
i s  c l ea r  t h a t  t h e  l o w e r  bound f o r  8 + Bc a t  any i n s t a n t  is the v a l u e  
of 8 + eL a t  t h e  same i n s t a n t .  
- 0  L 
L eL' i t  
0 
0 
* 
Bc = 8 + e and eCK > 0. L CK 
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Upper  Bounds:  The la rges t  forearm f lex ions  cons idered  cor responded 
0 
t o  8 + eL = 120". Beyond t h i s   v a l u e ,   t h e   u p p e r  arm i n t e r f e r e s   w i t h  
the forearm movement as a c t u a l  c o n t a c t  between  them occurs .  On t h e  ba- 
sis of t h i s  same geometr ica l  cons t ra in t ,  the  upper  bound f o r  t h e  v a l u e  
of 8 + BC must  be greater than 120° ( the  upper  bound f o r  eo + BL), 
and 130° w a s  the  value  considered i n  Table 7 .  I t  should  be  observed, 
however, t h a t   t h i s   u p p e r  bound f o r  8 + Qc i s  p u r e l y   a r b i t r a r y  (as 
long   a s  i t  i s  larger   than  120°)   because 8 + Bc cannot be observed. 
0 
0 
0 
Other  sources  of e r ro r s  t ha t  have  no t  been considered i n  t h i s  i n -  
ves t iga t ion  a re  the  fo l lowing .  
(1) The ac tua l   a t tachment   po in ts  of the  biceps and b r a c h i a l i s  
a t  t h e  shoulder  and arm do  not  co inc ide  and  l e a d  t o  a more 
complex arm/muscle geometry than the one assumed. 
(2)  The elbow j o i n t  i s  not a p u r e  " p i n "  j o i n t  a s  t h e  one  as- 
sumed but  has some " s l i d i n g "  c h a r a c t e r i s t i c s .  
(3) F r i c t i o n  a t  the  e lbow and  e lec t r ic  motor  shaf t  were ne -  
g lec   t ed  .
I n  t h e  l i g h t  of these  e r rors ,  those  presented  i n  Table 7 are not  l i k e l y  
t o  a f f ec t  s ign i f i can t ly  ou r  ma themat i ca l  mode l s  i n  the i r  f i na l  fo rms .  
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